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Indefinite Integration

As mentioned in the unit “Integration Basics”, this chapter is devoted entirely to developing tools and techniques
to find out anti-derivatives of arbitrary functions. For readers who have not read “Integration Basics”, it is
advisable to go through that chapter first, before reading this.

Section -1 BASIC RULES AND FORMULAE

The following is a set of straight forward rules pertaining to integration, that follow by definition:

(@)

()

©
(d)
(e)

A constant is always included in the expression for the indefinite integral, i.e.,

if g'(x)=f(x), then
j f(x)dx=g(x)+C

This is because, as mentioned earlier, the derivative of a constant is 0.

The integral of a derivative gives back the same function itself (with a constant):
_[ f'(x)dx=f (x)+C

The derivative of an integral also gives the same function:

;'_X(j f (x)dx)= 1 (x)

These two results are in agreement with the fact that differentiation and integration are inverse
operations.

j{f (x)£ g (x)}tdx = ff (x)dx+fg(x)dx
Jicf (x)dx = k[ f(x)dx

Ifff(x)dx =g (x)+C, then

Jf(ax+b)dx:ég(ax+b)+c .. ()
How is this true? Since g(X) is the anti-derivative of f(X), g'(X) = f(x).

Now we differentiate (i) :

f (ax+b)=é%(g (ax+b))
:l-g'(ax+b)-a
a
=g'(ax+b)
= f (ax+D)
This shows that (1) holds true.

This result is quite useful as we’ll realise in the course of studying this chapter.
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We now present a table of some basic integration formulae. You are urged to verify the truth of these formulae by
differentiating the right hand side of each formula and check whether the expression you obtain is equal to the one
inside the integral on the left hand side, or not:

BASIC INTEGRATION FORMULAE
n+1
01. jx”dx:x +C ; nz-1" 11. Jcotxdx:ln|sinx|+c
n+1
1
02. I—dX=lnX+C 12. J.tanXdX=—ln|cosX|+C
X
03. IeXdX=EX+C 13. Isecxdx=ln|secx+tanx|+C
x a*
04. ja dx = +C 14. Jcosecxdx=ln|cosecx—cotx|+C
Ina
X
05. Isinxdx=—cosX+C 15. J.\/idx—sm —+C
, -1 X
06. Jcosxdx=sz+C 16. JﬁdX——sm E+Cl
:cos"'§+C2
a
2 1 1. X
07. Isec xdx =tan x+C 17. J ——dx=—tan” —+C
a +X a a
2 _1 _1 -1 X
08. jcosec Xdx=—cotx+C 18. J ——dx=—tan" —+C
a +X a a
:lco‘[*1§+C2
a a
09 d C 9. J— ISGC‘l(X}C
. sec Xtan XaX =sec X + ) - -
J \/_x e
dx = C 2 J‘—dx=_—1sec‘1£+C
10. jcosecXcotX X = —cosec X + 0. X\/m a a7
— L cosect X4 C,
a a
* In particular, J.dX:X+C




For example, to prove that formula (17) is true, we differentiate the right side:

d(1. _,x\) 1d o X
—| —tan — |=——|tan | —
dx\| a a a dx a

Therefore,

® | —

J. 21 de:ltan*1§+C
X" +a a a

Suppose that you now have to evaluate the following integral:

1
Jaz +(bx+c)’

dx

We will use formula (17) and rule (e) stated earlier:

1

dx:ltan“(bx+c)xl+c
a a b
:Ltanl(bx-l_C )+C
ab a

Observe carefully how we obtained the final expression.

There is a variety of methods in which we can evaluate indefinite integrals. We can broadly divide these methods

into five major categories:

(1) SIMPLE REARRANGEMENTS :
(2) SUBSTITUTIONS
(3) EXPANSION USING

PARTIAL FRACTIONS

(4) INTEGRATION BY PARTS

(5) REDUCTION FORMULAE

All these methods will now be discussed in detail.

We rearrange the given expression in such a way so that we
obtain a combination of the basic integrals that we have just
discussed.

We use some substitution to convert the given
expression into a more conveniently “integrable” form.

This method is applicable to rational algebraic
functions; we use a partial fractions expansion to split
such a function into more elementary functions that can
easily be integrated.
This powerful method can be applied to the product of any
two arbitrary functions.
These formulae make it possible to reduce an integral
depending on the index n> 0, called the order of the integral,
to an integral of the same type but with a smaller index.

A word of advice: make it a point to practice as much questions as possible for integration; only then can you get
the ‘hang’ of it. You should even attempt the solved examples on your own before looking at the solutions.




Section - 2 INTEGRATION BY SIMPLE REARRANGEMENTS

A lot many functions that we’ll encounter can be reduced to simpler forms by some rearrangement/algebraic
manipulation. These simpler forms are easily integrable because they correspond to one of the standard basic
integrals that we discussed in the previous section.

The rearrangement technique is best illustrated through examples.

Example — 1

CcOS X —Cos2X

Evaluate IW dx .

Solution: We can try expanding cos 2X by the half angle formula:

dx

J-cosx_coszx dX_J‘cosX—(Zcos2 X—l)

1—cos X 1—cos X

_ (2cosx+1)(1-cosx)
_J- (I-cosx) dx

=J(2cosx+1)dx

=2sin X+ x+C. <

Observe how the rearrangement we used led to a simpler expression that was easily integrable.

Example — 2

1

dx
Evaluate J.sin(x—a)cos(x—b) :

Solution: The denominator is of the form sin P cos Q, where P and Q are variable; but notice an important fact:
P — Qs a constant. This should give us the required hint:

1 cos(a—b)

J‘sin(x—a)cos(x—b)d cos(a b)'[sm(x a)cos(x— b)dx

1 )J-cos{(x—b)—(x—a)}dx

B cos(a—b) sin(x—a)cos(x—b)

dx

_ 1 Icos(x—b)cos(x—a)+sin(x—b)sin(x—a)
cos(a—b) sin(x—a)cos(x—b)




:;b_[{cot(x—a)ﬂan(x—b)}dx

cos(a—

1 .
= W{ln‘sm(x—a)‘—ln‘cos(x—b)‘}+C

B 1 |sin(x—a)|
_cos(a—b)ln‘cos(x—b)‘JrC <

What we had to do in this question was therefore to realise that since P —Q is a constant, an introduction
of the term cos (P — Q) in the numerator would lead to cancellations and simple ‘cot’ and ‘tan’ terms
which can easily be integrated.

Example — 3

3

X
Evaluate I (

———dx
x+1)"

Solution: The numerator has a degree higher then the denominator which hints that some reduction of this
rational expression is possible. This reduction can be accomplished if we somehow rearrange the
numerator in such a way that it leads to a cancellation of common factors with the denominator; since
the denominator is (X + 1)?, we try to rearrange the numerator in terms of (X + 1):

x+1

I(x+1) _J (x+1)

(x+1)(x —x+1) 1
dx
g i

(x+1)’ (x+1)’

=]

i
i
e (Xil)z}dx
|
|

| (x+1)(x=2)+3 1) }dx

(x+1)  (x+1)

sz)—— : }dx

X+ (x+1)

x? 1
=——-2X+3In(x+1)+——+C
2 ( ) X+1 <




Example — 4

X
Evaluatejm+ Db dx

Solution:  The form of the expression in the denominator clearly hints that a reduction is possible by rationalization
which would lead to a constant term in the denominator:

fra-ein}

Ix+a+ X+b -[ (x+a)—(x+b)

J{x\/x+a—x\/x+b}dx

=<a—b)

:ﬁj{(x+a—a)M—(x+b—b)M}dx
=ﬁ {(x+a)%—(x+b)%—a(x+a)%+b(x+b)%}dx
_ 1 (x+a)%_(x+b)%_a(x+a)%+b(x+b)%
b % h »

The first simplification by rationalization led to an expression which involved two terms of the form

+C > |

X~/ X +a; to integrate these terms, we wrote the X outside the root as (X + a — a) so that a final

expression is obtained which contains only terms of the form (x +k )rl ; these could then be integrated
easily.

Example — 5

1+ cos4x

Evaluate I— dx
cot X—tan X

Solution:  We simply both the numerator and the denominator separately :

J~ 1+ cos4x _J- 2cos’ 2X

cot X —tan X Cos X X sin X

sinX cosX

dx

B J~ 2sin X cos X cos® 2X
cos® X—sin? X

sin 2X-cos” 2X
—J dx

cos2X

= Jsin 2Xcos2Xx dx

= lJsin 4x dx
2

=—%cos4X+C |




Example — 6

Evaluate Itan Xtan2Xtan3x dx .
Solution: Notice that 3x = 2X + X, so that
tan 3X = tan (2X +X)

_ tan 2X + tan X
1—tan 2Xtan X

= tan Xtan 2Xtan3X = tan 3X —tan 2X — tan X

The required integral is now easy to evaluate :

Itan Xtan 2Xtan 3x dx = j{tan 3Xx—tan2X —tan X} dx

=%ln|sec3x|—%ln|sec2x|—ln|secx|+C <

Example — 7

sin(X—a
Evaluate_[ : ( )

sin(x—b)

Solution: Taking cue from Example-2, our aim should be to somehow get rid of the variable term sin (X —b) in

dx .

the denominator; to do this, we write the numerator sin(X—a) as sin {( x—b)—(a-b )} :

jsm(x a) Ism{ (x—b)-(a- b)}

sin (X — b) sin(X—Db)

:J-sin(x—b)cos(a—b)—cos(x—b)sin(a—b)

d
sin(x—b) X

= j{cos(a—b)—sin(a—b)cot(X—b)}dx

=Xcos(a—b)—sin(a—b)ln‘sin(x—b)‘+C >

Example — 8

+b

dx .
+d

ax
Evaluate I
CX

Solution:  Asin Ex-2 and Ex-7, we try to express the numerator in terms of the denominator, so that a cancellation

is possible and we can get rid of the variable term (cX+d ) in the denominator:




ax+b:a(x+9]
a
a( bc)
=] cx+—
c a
:3(cx+d+%—d]
c a
a ad
=—(cx+d)+|{b——
% (oxva) ( : ]
a(cx+d)+(b—ad)
ax+b C o
= j dx:f dx
cx+d cx+d
[b_ad]
a c
:j 4 X
c cx+d
=%+l(b—ﬂjln(cx+d)+c
cC ¢ c
:%+(b0;ad )ln(cx+d)+C

Example — 9

sin 4X
sin X

Evaluate J dx

Solution:

sin 4X

]

sin X

The expression can be simplified by a straight forward expansion of the numerator :

25sin 2Xcos 2X
- dx

dx:J'
:4J

=4JcosXc0s2X dx

sin X

sin X cos X cos 2X

dx

sin X

= ZI{cos3X +cos x }dx

:gsin3x+2sinX+C
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Example — 10

Evaluate the following integrals:

(a) [cos’ x dx (b) [cos*x dx

c) |sin2xcos4xcos5x dx d) |sin’® xcos® x dx
© [

Solution: (a) We know the integral of cos X; we must express the cubic cos term (cos® X) in terms of linear cos
terms; this can be done using the triple angle formula :

cos3x=4cos’ x—3cosx

1
= cos’X = Z{3 cos X +cos 3x}

3 1

3 . .

= |cos’ x dx==sinX+—sin3x+C

J 4 12 <
(b) Here again, we need to express the fourth degree cos term (cos4 X) in terms of linear cos terms:

2
COS4 X= (0052 X)

_ 1+ cos2X ¥
2

1 cos?2x 1
=—+ +—cos 2X
4 4 2

1+ cos4x
:l_}_w_}_lcoszx
4 8 2

=§+lcos2x+lcos4x
8 2 8

3X sin2X N sin 4X

:>jcos4XdX=§+ 2 T +C «
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. 1 .
() sm2Xcos4Xc0s5X:§(2sm2Xcos4X)cos5X

= %(sin 6X —sin 2X)cos 5x
= %{(2sin 6X cos 5x) — (2sin 2x cos 5x) }

1,. . ) .
= Z{smllx+sm X —sin 7X +sin3x}

= %{sin X+sin3X—sin7X+sinl IX}

—CcosSX coS3X 4 cos7X coslIx

= JSin2XCOS4XCOSSX dx = +C > |
12 28 44
(d) sin’ X cos’ X = (sin X cos X)3
_ (2sin XcosX)3
- 8
_sin’ 2x
8
_ 13sin2x—sin6x Triple angle
8 4 formula
=isin2x—isin6x
32
-3 3 _3 1
= Jsm Xcos” X dX =—cos2X+——cos6X+C «
64 192
Section - 3 INTEGRATION BY SUBSTITUTION

A lot many times, we will encounter functions whose integrals cannot be obtained from their original expressions;
however, an appropriate substitution might reduce the given function to another function whose integral is obtainable.

This method of integration by substitution is used extensively to evaluate integrals. As we progress along this
section we will develop certain rules of thumb that will tell us what substitutions to use where. Also, multiple
substitutions might be possible for the same function. Therefore, integration by substitution is more of an art and
you can develop the knack of it only by extensive practice (and of course, some thinking !)

Example — 11

cos’ X
Evaluate jz— dx
sin” X +sin X
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Solution: The general approach while substitution is as follows:

Suppose we have to obtain J f (x)dx. We find some function ¢ (x) (and put it equal to a variable y)

such that ¢' ( X) dx = dy is some part of f(x)dx. This will let us express J f (x)dx in terms of another

integral which contains only y.

This approach will become quite clear when we apply it on the given example:

dx

I J. COS3 X dX j (1 - Sin2 X)COS X
sin’ X +sin X sin’® X +sin X

Observe carefully why we wrote cos’ X in the numerator of | as (1 —sin’ X); if we now substitute

sinx =y, we’ll get cos xdx =dy, so that the entire expression of | can be reduced to another
integral which contains only y:

sinX=Yy

cos xdx = dy

=In|y|-y+C

We see that the modified integral (the integral in terms of y) was easily integrable; to obtain the integral
in terms of X, we now simply substitution y = sin X:

| :1n|sinx|—sinX+C e |

Example — 12

X7

Evaluate Jm

dx

Solution: This example will serve to show that multiple substitutions are possible for the same function.

(a) Notice that the numerator, x’dx, canbe writtenas x° - xdx . If we substitute x> = y, we’ll obtain

xdx = 7y so that the entire integral can be expressed in terms of y. However, the integral will

become X

le y
5‘[(1— y)s dy
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which still cannot be integrated directly because of the denominator (1-y )5 . What we therefore do

is substitute (1 —x*) =Yy instead of X* =Y, because then the denominator will be reduced further
directly:

1(1-y)
5-[ y’ d

_ 1)y =1-3y’+3y
_2H y’ }dy
:%J’{y‘2 -3y~ +3y‘4—y‘5} dy

1 1 3 1 1
=—q——t+t—-—+—71C
2{ y 2y y 4y}

_ 2 _ 3
_1 4y+6i/ 4y +C
8y

:1:1—4(1—x )+6(1—x2) —4(1—x ) o «
8(1—x2)

(b) The denominator contains the term (1 —X?). Think of a substitution that could cause the denominator
to reduce to a single term: this substitution should be trignometric:
X =sinf
dx=cos0d 6

7

| = X _ rsin’ OcosH 46
J.(l—x ) J. 1 sin 9)

J~ sin’ 0 cos@
cos’ @

= Jtan7 Osec’0do
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Notice now that the simple substitution tan 8 = y will reduce | to a simple integrable form:
tan0 =y
= sec’ 0d0O =dy

| = Jtan7 O sec’ 0do :Jy7dy

8

=Y ic
8

tan® @
8

+C

X8

=—-——+C (. x=sin0) <

8(1-x%)
There is one last point to be observed. The answers obtained by methods (a) and (b) might seem
to be different from each other. However, verify that they are not! The answer obtained by (a) can
be converted into the answer obtained by (b) by just a simple splitting of the constant of integration.

Example — 13
1
.
Evaluate '[(XZ +2X+2)2 X,
Solution: | :f%dx
(x2+2x+2)
1

=|————dx
((x +1) + 1)
The denominator can be reduced by the substitution
X+1=tan0

= (X+l)2+1=tan26+1=sec20

Also, dx = sec’> 0dO

sec’ 0
= | :Isec49 a6

=J00520d9
1
= 5I(1+cos 20)do

_ 1(9 N s1n229 )+C

2

=%(9 +sinf cos6)+C
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To express the integral in terms of X, we use

X+1=tan0
= 6 =tan™ (x+1)
1
= sin@ = (X+ )

J1+(x+1)’

and cosO = !
1+(x+1)

2

1 X+1
| =—<tan”' (X+1)+ ——++C
= 2{ (x+1) x2+2x+2}

Example — 14

\/7 X

Solution: A slight thought on the form of this expression will hint that a trignometric substitution might help; recall

thatboth (1—cos8) and (1+cos@) can be reduced to single terms. Therefore, we use the substitution

\/; =cos0O
= X =cos’ 0
= dx =-2sin 6 cosOdO

I—J I- \/71 J.‘/l cos6 (-2sin6cos6do)
14+ cos@ cos 0

A

2c08' (0

=2 tan(g).tanede
sin” (9

—_4[— 24
cos@

tan6do

do

_2J-1—cose
cos@

= —2j(sec6 —1)d6
= —2{1n|sec(9 + tan0|—0}+C

1+sin@
cos@

=-2In I+vl-x +2cos ' x+C
Jx

=-2In +20+C
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Example — 15

1
Evaluate IT\/4—_1 dx

Solution: One possible way to reduce the term /y* —1 is to use a trignometric substitution:
p y X' =1 gn

U

x* =secO
x*—1=sec’6—1=tan’ 6O
2xdx =secB tan 6d 6O

1
Pk ek

__J‘secetanO

secOtan @
1
ZEIdO

:€+C
2

:%sec_'(xz)+C <

Notice that for the five preceding examples, different substitution have been used in all the five. This shows that
there is no hard-and-fast rule to do substitutions; you have to judge the most appropriate substitution by analyzing
the expression of the function to be integrated.

Example — 16

tan X
Evaluate Im dx

Solution:

We first reduce this expression to another form involving sin and cos terms:

I _J sin X cos X

> ——dx
acos” X+bsin” X

If'you observe the expression for | carefully, you will realise that a simple substitution in now possible:

=

=

acos’X+bsin’x=y

(—2asin X cos X+ 2b sin X cos x)dx = dy
dy

2b-2a

sin X cos xdx =

Thus we have obtained the numerator in terms of the derivative of the denominator:

__ 1 Id_y

2(b-a)

_nlyl .

2(b-a)

_In|acos* x+bsin® x|
2(b-a)
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Example — 17

1

sin(X+a)

dx

Evaluate .[ \/si 0 x

Solution:  Asinthe previous example, we again have to modify the expression given to us, so that some substitution
is possible. The first step that we could take is expand sin (x + @) :

1

| = d
J\/sin3Xsin(X+a) ”

1

= J dx
\/sin3 X(sin Xcos @+ cos Xsina)

To proceed further, notice that there is a sin® X term in the denominator. What we now do is take out
a common factor of sin X from the (inner) brackets so that sin® X becomes sin* x:

| = ! dx

\/sin4 X (cosa+cot xsina)

1

:J — — dx
sin X\/cosa+cothma

COSCsz

=j — dX
\/cosa+c0thma

This is a form in which the numerator can be expressed as the derivative of the expression in the
denominator.

Substitute cosa+cotxsina=t

= —sinacosec’ xdx = dt

= | =- L[at
sina \ﬁ

_ 2 fi+C

sin a

—2+/cosa+cot Xsina
= J +C > |

sina

Example — 18

Evaluate the following integrals:
1 1 1
—aX dx ——dx
@ I [42 — 2 (b) J. L+ X2 © .[ /X2 — a2

1 1
@  [——sx © =% @ [

X" —a X' +a X" —a
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Solution: This example is very important in the sense that the techniques subsequently described to evaluate

these integrals can be used anywhere where such expressions are encountered.

Recall that the results to parts-(a), (b) and (c) have already been mentioned in the table titled
‘Basic integration formulae’ on page -2. Also we have already seen (in examples 12, 13, 15),
some of the integrals of these forms. Before starting with the solutions, consider the following table
carefully which describes certain substitutions that can be used whenever expressions of the forms

above are encountered.
expression | can be reduced by the substitution
) a’—x X=asinf or Xx=acosf
)| a*+x? X=atan6O or Xx=acot
3 x’—a’ X=asecH or X =acosech

Verify that these substitutions will reduce the corresponding algebraic expressions to simpler trignometric
expressions. We now proceed with the solutions:

1
@ I =|———dx
s
Substitute X=asin@
= dx =acos0do
and  g2_x?>=a%—a’sin’6
=a’cos’ 0
acosf
| = do
= J- acos@
=jd0
=0+C
=sin'2+C <
a
Notice how convenient the integral became with the mentioned substitution.
1
b) I = dx
®) Ja2+x2 ,
Substitute X=atan@
= dx = asec’6d6
and g2+ x*=a’+a’tan’0
=a’sec’0
asec 9
i —
I 2sec 9
~Lae
a
:9+C
a
1. X
=—tan —+C <

a a
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| = d
(C) IX\/X -a’ ”

Substitute X=asecH
= dx=asecOtan0do
and  x2_a?=a%sec’9—a’
=a’tan’6
asecOtan

asec Qx/a2 tan’ @

:ljde

1 a a
(@) 1= [ dx
Substitute X=asecH
= dx =asecO tan6do

and x> —a’=a’tan’0

asec9tan9
= |—_[

a’tan’6

:ljcosece do
a

= l1n|cosect9 —cot9|+C

=—In X - a |+C

a |Jxi-a? Jx-a?|

:lln,/x a+C
a X+a
1 Xx—a
=—In|——|+C
2a |[X+a <

Instead of the substitution technique as described above, this integral could have alternatively been
evaluate much more simply by a straightforward rearrangement of the expression:

I:‘[Xziazdx

1 1 1
——— |dx
2a (x a x+a)

1 X—a
=—1In +C <
2a X+a
This again shows that there is no set rule to integration. You have to use your intuition to figure out
the shortest possible route to the final answer.
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1
(e) I=|——dx
s
Substitute

=

and

1
Ol
Substitute

=

and

X=atan0
dx = asec’6d6
x*+a’=a’tan’ 6 +a’
=a’sec’ @
I:J. asec” 6 46
Va’sec’
=Isec€d0

= ln|sec9+tan9|+C

=In|\1+tan’0 +tan O
Vxi+ar x
—+_

a a

+C

=1In +C

=In|x+vVx*+a%|-lna+C
=In|x+vx*+a*|+C’ <
X =asecH

dx =asecH tan6do
x*—a’=a’sec’0—a’
=a’tan’6
I :J-aseCGtanede
Ja’tan?6

=Jsect9d9

= ln|sec9+tan9|+C

sec9+\/sec29—1‘+C
X+/x*—a’

=In

+C’ |

=In

The expressions encountered in these six examples will widely be found elsewhere in this chapter
too and therefore, you are advised to commit these six results to memory. I[f memorization is not
possible for you, you should at least understand the techniques involved carefully so that you are
quickly able to reproduce the answers whenever the need arises.




