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So far we have dealt only with systems in which the total mass of the system, ,sysM  remained constant with time.
Now, we will consider systems in which mass enters or leaves the system while we are observing it. The rate of
change of mass of the system, dM dt , is positive when mass enters the system and is negative when mass leaves
the system.

Figure 6.42(a) shows a system of mass M whose centre of mass is moving with velocity v  as seen from a particular
reference frame. An external force extF  acts on the system.
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At a time t later the configuration has changed to that shown in figure 6.42(b). A mass M has been ejected from
the system and its centre of mass is moving with velocity u  with respect to the initially chosen reference frame. The
mass of the system has reduced to M- M and the velocity of the centre of mass of the system is changed to .v v
You may imagine that the system of figure 6.42 represents a rocket. It ejects hot gas from its orifice at a fairly high
speed, decreasing its own mass and increasing its own speed. In a rocket the loss of mass is continuous during the
burning process. The external force extF  is not the thrust of the rocket but is the force of gravity on the rocket and
the resisting force of the atmosphere. In such motion fuel is burned in the rocket and exhaust gas is expelled out the
back of the rocket. The force exerted by the exhaust gas on the rocket (which is equal and opposite to the force
exerted by the rocket on the gas to expel it) propels the rocket forward and is called as thrust force.

To analyze the situation let us, for the time being, define the system to be one of the constant mass. This
means that in figure 6.42(b), we shall include in our system not only the M- M of the body but also the ejected
mass M. Therefore, the total mass of the system has remained M as in the figure 6.42(a). Doing so we can apply
the results we have derived so far for systems of constant mass. We will see that this approach leads us to the form
of Newton’s second law for systems in which the mass is not constant.

From equation (6.19), we have

ext
dPF
dt

For the time interval t, approximately, we can write,

f i
ext

P PPF
t t

in which fP  is the final momentum, as shown in figure 6.42(b) and iP  is the initial momentum, as shown in figure
6.42(a). Therefore, we have,

( )( )M M v v Mu MvF
( )( )  fP M M v v Mu
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( )ext
v MF M u v v
t t ...(6.33)

Now, if we let t  approach zero, the configuration of figure 6.42(b) approaches that of figure 6.42(a); that is,
v t  approaches ,dv dt  the acceleration of the body in figure 6.42(a). The quantity M  is the mass ejected in

;t  this leads to a decrease in the mass M of the original body. Since ,dM dt  the change in mass of the body with

time, is negative in this case, the positive quantity M t  is replaced by dM dt  as t  approaches zero. Finally,

v  goes to zero as t  approaches zero. Making these changes in the last equation, we get

ext
dv dM dMF M v u
dt dt dt

( )ext
dv dMF M u v
dt dt ...(6.34a)

ext rel
dv dMF M v
dt dt ...(6.44b)

The quantity u v  in equation (6.34a) is just ,relv the relative velocity of the ejected mass with  respect to the main
body, as written in equation (6.34 b).

The last term in equation (6.34b), ,rel
dMv
dt  is  the rate at which momentum is being transferred into (or out of) the

system by the mass that the system has ejected (or collected). It can be interpreted as the force exerted on the
system by the mass that leaves it (or joins it). For a rocket this term is called the  and it is the rocket designer’s
aim to make it as large as possible. Equation (6.34) suggests that this requires that the rocket eject as much mass per
unit time as possible and that the speed of the ejected mass relative to the rocket be as high as possible. We can
rewrite equation (6.34) as

ext thrust
dvM = F + F
dt ...(6.35)

in which thrust relF v dM dt  is the reaction force exerted on the system by the mass that leaves (or joins) it.

Here you should note that the thrust force acting on the system ,relv dM dt  is along relv  if dM dt  is ne gative, i.e.,
mass of the system is being reduced.

A machine gun is mounted on a car on a horizontal frictionless surface as shown in figure 6.43 (a). The mass of the
system (car + gun) at a particular instant is M. At that same instant the gun is firing bullets of mass m whose velocity,
in the reference frame shown, is u . The velocity of the car in this frame is v  and the velocity of the bullets with
respect to the car is .u v  The number of bullets fired per unit time is n. What is the acceleration of the car?

m m
u v
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 Let us select the car and gun as our system. Since mass of the system, M, is variable, we apply Newton’s
second law in the form given in equation (6.35), which is

ext thrust
dvM F F
dt

Since no net external force acts on the system, we have 0extF  in above equation. Hence, we have

thrust
dvM F
dt

rel
dMv
dt

Now, 
dv
dt  is a , the acceleration of the system; relv  is ,u v  pointing to the left in figure 6.43(b), and 

dM
dt  is –mn.

Inserting these in above equation, we get

m m
u v

F =v dM/dt
= – v mn

( )relv mndva
dt M

( )( )u v mn
M

 In figure 6.43(c), the analogous situation for a rocket is shown. Here we will consider the system from the viewpoint
of Newton’s third law and the momentum principle.

u
v

M
F =v dM/dt

Let us choose a fixed-mass system (rocket + gas) and observe if from its C frame. The rocket forces a jet of hot
gases from its exhaust; this is the action force. The jet of hot gases exerts a force on the rocket, propelling it forward;
this is the reaction force. These two forces make an action-reaction pair and are internal forces of the system under
consideration.

In the absence of external forces the total momentum of the system is conserved (the centre of mass, initially
at rest, remains at rest). The  individual parts of the system may change their momentum, however; the hot gases
acquire momentum in the backward direction and the rocket acquires an equal magnitude of the momentum in the
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Sand drops from a stationary hopper at a rate µ = dM/dt
onto a conveyor belt moving with velocity ,v  as shown in
figure 6.44(a). What force is required to keep the belt
moving at a constant speed? (Assume that sand drops on
the belt from the negligible height.)

dM
dt

v

This is a clear-cut example of a force associated
with change of mass alone, the velocity being
constant. Let us take our system the belt of varying
mass, so that we can apply the equation (6.35),
which is

ext thrust
dvM F F
dt

dM
dt

v

F = v dM
dt

we must put 0dv
dt  in the above equation because

the velocity of the belt is constant. Hence, we get

0ext thrustF F

ext thrustF F ...(i)

Hence to keep the belt moving with a constant velocity an external force must be applied on it, which should be
equal and opposite to the thrust force, ,relv dM dt  acting on it.

To an observer at rest on the belt, the falling sand (and the hopper) would appear to have a horizontal
motion with speed v in a direction opposite to that shown for the belt.

relv v

More formally we can write,

relv u v

but 0,u  so that

relv v

Using these substitutions in equation (i), we get

ext rel
dMF v
dt

( )( )v

µv
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In this case, q ( )dM dt  is positive because the system is gaining mass with time,. Hence thrust force on the
system is acting along the direction of ,relv  i.e., in the direction opposite to that of the motion of the belt. Therefore,
to keep the belt moving with constant velocity, external force on it must be applied in the direction of its motion.

From the view point of newton’s second law this situation can be explained as follows. As the sand has negligible
speed before it falls on the moving belt, the belt has to apply a force on the falling sand along the direction of its own
motion to move the sand with it and hence the falling sand applies a reaction force on the belt in the direction
opposite to that of the motion of the belt. Thrust force on the belt is basically this reaction force only. Therefore, to
keep the belt moving with constant velocity an external force must be applied on it along the direction of its motion
and the magnitude of the external force should be equal to that the thrust force.

• For a one-dimensional case, from next time onwards we will use equation (6.35) in a more simple way. We
can rewrite it as

ext thrustF ± F = Ma ...(6.36)

we will judge the direction of the thrust force from the viewpoint of Newton’s third law and its magnitude

can be written as . .dM
dtrelv  If the thrust force is along the direction of acceleration, a, then use ‘+’ sign,

otherwise ‘–’ sign.

A freight car filed with sand has a hole so that sand leaks out through the bottom at a constant rate of magnitude .
 has an unit of kg/sec. A constant force F acts on the car in the direction of its motion. At t = 0 if 0v  be the speed

of the car and 0m  be its mass, then, find its speed after some time t.

Here, the first thing you should notice is that as sand is just leaking from the bottom, it is separating from
the car with zero relative velocity. Hence, if we chose the car as our system, the thrust force on it is zero.

At some time t if v be the velocity of the car and a be its acceleration, as shown in figure 6.45, from equation (6.36),
we have

a

F

v

ext thrustF F ma
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0( ) dvF m t
dt

 and 0ext thrustF F F
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A rocket is fired vertically upward near the surface of the earth where the free-fall acceleration of gravity is g. Show
that  if the rocket starts from rest, its final velocity is given by ln( ) ,ex i fv u m m g t  where exu  is exhaust
speed of the gas with respect to the rocket and t  is the time for the fuel to burn. im  is the mass of the rocket at the
start of the interval and fm  is the mass at the end of the interval.

 Let the rocket is fired at  t = 0. Situation at some time t
is shown in figure 6.46. As the rocket is ejecting gases in the vertically
downward direction, thrust force on the rocket acts in the vertically
upward direction. Hence, using equation (6.36), we get,

ext thrustF F ma
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ln f
ex

i

m
v u g T

m

In this case as the external force, that is due to gravity, is acting in the opposite direction of the acceleration
it is take to be negative and as the thrust force is acting along the acceleration it is taken to be positive.

A chain hangs on a thread and touches the surface of a table by its lower end AFter the thread has been burned
through, find the forces exerted by the table on the chain.

Let L be the total length of the chain and M be its total
mass. The part of the chain moving vertically downwards is in
free falling state, hence, having fallen by a distance x, the  air falls

with speed 2 ,gx  as shown in figure 6.47(a).    

x

L-x g v = gx
L

If we consider the part of the chain fallen on the surface
of the table as our system, then, at the moment shown in the
figure, mass of the system is increasing and the system is at rest.
In the next time interval dt if length dx adds up in our system then
increase in mass of the system,

 mass of length  of the chaindm dx

(mass per unit length)
 length of element

M dx
L

m x .g
Fth

Rate of change of mass of the system,

dm M dx
dt L dt

M v
L

2M gx
L ...(i)

It can be explained in various ways that the adding mass exerts thrust force on the system in the vertically downward
direction, as shown in figure 6.47(b) Weight of the system and the normal reaction force acting on the system from
the surface of the table are also shown in figure 6.47(b). Applying equation (6.36) to this system, we get

ext thrustF F ma

( ) 0thrustmg N F
0  and downward direcction 

is chosen as positive direction
a
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0rel
M dmx g N v
L dt

mass of the system,
 mass of length  of chainm x

rel
Mgx dmN v

L dt

. 2rel
Mgx Mv gx

L L
2 ,  using (i)dm gx

dt

As the system is at rest, relative velocity of adding mass is same as its velocity.  Therefore,

2 2Mgx MN gx gx
L L

2 2Mgx Mgx gx
L L

3Mgx
L

• At the moment under consideration the force exerted by the table on the chain is three times the weight of
the chain resting on the table.

• Thrust force acting on the resting part of the chain is twice as great as the weight of this part.

• At some time ‘t’ if x be the length of the system, then, mass of the system,

mass per unit lenth of the 
( )

lenth system
m x

M x
L

• If mass per unit length is defined as linear mass density and is denoted by , then,

( )m x x

• Rate of change of mass,

( )d x dx
dt dt

dm
dt

for uniform distribution 
of mass  is constant.

• This problem can also be solved by treating the falling part as system with decreasing mass.

• Let us solve this problem using impulse concept. Consider the situation at the moment shown in figure
6.47(a). In the next time interval dt if dx length of the falling part of the chain hits the surface of the table and
comes to rest, then, change in momentum of that element,

f idp p p

0 ( )dm v
 is the mass of the 

element of length 
dm

dx
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Therefore, the average force acted on this element from the part of the chain resting on the table is

change in momentum
length time interval

F

dp dm v
dt dt

2dmv v
dt

Using dm v
dt

Therefore, force acted on the part of the chain resting on the table by the adding mass or we can also say thrust force
acting on that part,

thrustF F

2v

2M gx
L [Using 2 2v gx ]

As the time interval is infinitesimally small, this expression can be regarded as expression for instantaneous value of
thrust force.
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A girl can exert an average force of 200 N on her machine gun. Her gun fires 20-g bullets at 1000 m/s . How
many bullets can she fire per minute?
A flat car of mass m0 starts moving to right due to a constant horizontal force F (Fig.) Sand spills on the
flatcar from a stationary hopper. The velocity of loading is constant and equal to µ kg/s. Find the time
dependence of the velocity and the acceleration of the flatcar in the process of lading. The frictions negligible
small.

A rocket ejects a steady jet whose velocity is equal to u relative to the rocket. The gas  discharge rate
equals µ kg/s. Demonstrate that the rocket motion equation in this case takes the form. mw =F – µu.
Where m is the mass of the rocket at a given moment, w is its acceleration, and F is the external force.

A rocket moves in the absence of external forces by ejecting a steady jet with velocity u constant relative to
the rocket. Find the velocity v of the rocket at tthe moment when its mass is equal to m, if at the initial
moment it possessed the mass m0 and its velocity was equal to zero. Make use of the formula given in the
foregoing problem.

Find the law according to which the mass of the rocket varies with time, when the rocket moves with a
constant acceleration w, the external forces are absent, the gas escapes with a constant velocity u relative to
the rocket, and its mass at the initial moment equals m0.

A cylindrical solid of mass 10–2 kg and cross -sessional area 10–4 m2 is moving parallel to its axis (the x-
axis) with a uniform speed of 103 m/s in the positive direction. At t = 0, its front face passes the plane x =
0. The region to the right of this plane is filled with stationary dimention of the cylinder remains practically
unchanged and that the dust particle of uniform density 10–3 kg/m3. When a dust particles collides with the
face of the cylinder, it sticks to its surface. Assuming that the dimensions of the cylinder remains practically
unchanged and that the dust sticks only to the front face of the x-co ordinate of the front of the cylinder find
the x-coordinate of the front of the cylinder at t =150 s.

A chain of length L weighing l per unit length begins to fall  with constant acceleration through a hole in the
ceiling.
(a) When the lowest end of the chain has fallen through a distance x determine its velocity v(x).
(b) Find the constant acceleration of the falling chain.
(c) Find the energy loss when the last link of the chain has left the ceiling.

The end of a chain of length L and mass  per unit length that is piled on a platform is lifted vertically with a
constant velocity v by a variable force P. find P as a function of the height x of the end above the platform.
Also find the energy lost during the lifting of the chain.

x

x

P


