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Applications of Derivatives

This chapter deals with the applications of the concept of differentiation and derivatives. Using this concept, we
are able to solve a wide variety of problems, many of them of significant practical use. For example, aswe’ll learn
in this chapter, using the concept of derivatives we can write down the equations of tangents and normals to
arbitrary curves atarbitrary points, check whether a function is increasing or decreasing in arbitrary intervals, find
the maximum and minimum values of a given function, and so on.

Section -1 TANGENTS AND NORMALS

This section deals with the procedure to determine the equations of the tangent and the normal to an arbitrary
curve ata given point.

The procedure is extremely simple and is an obvious extension of the concept of derivatives. Consider a function
y = f (x) forwhich atangentand a normal need to be drawn at x = X, .

J v =/ y
S
<" Tangent %0@
Yo
> X > x

xl) x[)

Fig-1
d
The slope of the tangent at x = X, would be the value of d—y evaluated atx ;:

X

Slope of tangent (atx=x,)m, = %
X

X=Xo
Therefore the slope of the normal at x  is:

I B
Yody/dx|, dy |,
Now, since the tangent and normal will pass through the point (X,, Y, ) and their slopes are known, their equations

can be written in a straight forward manner (using the equation of a line passing through a given point with a given
slope):

Slope of normal (at x = x,)m

Tangent : y—-y, = m;(X—X,)

Normal : y-y, = my(x-%X) = _El(x—xo)
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For example, suppose that we have to write down the equations of the tangent and normal toy = x*atx = 1:

¥
,y=x
i
Normal
\t X
I
;,"":Tangenl
Fig-2
dy
=— =2x| =2
mT dX - |x:1
-1 -1
mN -
m. 2
Equation of tangent: y—1=2(x-1)
= 2x-y-1=0
Equation of normal: y—lz%(x—l)
= X+2y-3=0

As another example, consider the tangent and normal toxy =1 atx = 2:
y

r'
’ Normal
Tangent™-..__
y=" -
~~~~~~~ > X
x=2 T
Fig-3
m = dy -1 -1
= = —2 = —
x|, X°|., 4
-1
my, =—-=4
m;
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Equation of tangent: y—E:I(x—Z)
= X+4y-4=0
. 1
Equation of normal: y—E=4(x—2)
15
= 4x—y-—2=0
d 2

. i i i . 1
As a final example, we are now required to find the angle of intersection between the curves y = x*> and y = —:
X

y
A

Fig-4

By the angle of intersection between two curves we mean the angle of intersection between the respedive tangents
to the two curves at their point of intersection, as depicted in Fig.- 4. This angle can be easily evaluated by first
finding out the point of intersection of the two curves and then finding out the slopes of the tangents T and T, at this
point; for the curves given here, the point of intersectionis (1, 1) (verify):

m = oy =2

s dX x=1
dy -1
= P — _1
mT2 dX x=1 Xz x=1

= 0=

tan_l m =
1+m;mg,
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Example - 1

Prove that the segment of the tangent to xy = ¢? intercepted

2

Solution: Letus take an arbitrary point on this curve, ( t, c
t

point is sketched below:

between the axes is bisected at the point of contact.

]. Anapproximate figure showing the tangent at this

We need to show that P
¢ ) is the mid-point of AB.

Fig-5

The procedure that we need to follow is first determine the equation of the tangent at the pointP, find
the intercepts this tangent makes with the axes (we will then get the co-ordinates of the
points A and B), and show that P is the mid-point of AB.

dy —c° —C
atP)=—2 =—| =—
mr ( ) dX it X2 o t2
¢’ ¢’
Equation of tangent: Y- =t—2(x—t)
Point A: Putx=0
¢t ¢ _2¢
Sy=—+—="—
t t t
2
= The pointAis (ozi)
t
Point B: Puty=0

= X=t+t=2t

= The pointB is (2t, 0)
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Mid-point of AB: The mid-pointof AB is

2c?
0+2t

2 2

i

which is the same as the point P.
= P is the mid-point of AB <

+0

Example — 2

Find the equations of tangents to the curve y = x* which are drawn from the point (2, 0).

Solution: We write the equation of the tangent toy = x* at a general point (t, t*) and then make (2, 0) satisfy that

equation.
dy 3 3
=—| =4x =4t
M dx|,_, x=t
Equation of tangent:  y—t*=4t>(x—t)
= 4t°x—-y-3t*=0 .. ()

Since the tangent we require passes from (2, 0), the co-ordinates of (2, 0) must satisfy (i)
= 4t°(2)—(0)-3t*=0
=8t°-3t' =0
=1t°(8-3t)=0

:>t:0,§
3

From(i), the two possible tangents are (corresponding to the two values oft):

SRR <

Maths / Applications of Derivatives




Example — 3

Find the point(s) onthe curve y* +3x* =12y where the tangent is vertical.

Solution: A vertical tangent means that the slope of the tangent is o .
Differentiating the equation of the given curve w.r.tx, we get:

3y2d—y+6x:12d—y
dx dx

dy  6X
dx 12-3y?
Hence, for vertical tangent:
3y* =12
=>y=12
= 3x° = y(12—y2)
=116

4
= x=iﬁ(f0f y=2) {Fory=-2,x hasimaginary values}

2| <

&>

Therefore, the required points are (i

Example — 4

Tangents are drawn to the ellipse x? +2y? = 2. Find the locus of the mid-point of the intercept made by the
tangent between the co-ordinate axes.

Solution: To determine the required locus, we first write down the equation of an arbitrary tangent to the given
ellipse:
x>,
—+y =1
> y
A general point on this ellipse can be taken as (\/5 cos,sin 6) . Now we write the equation of the
tangent at this point by first differentiating the equation of the ellipse:
X+ ZyQ =0
dx
Wy _x
dx 2y
—J/2 cos6 _ —coto
2sinf V2

= m (at(x/icose,sin 0)):
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Equation of tangent: y—sing = —coto (X—\/ECOSQ)

N

= Xxc0s6 +/2ysin@ =~/2
x-intercept: Put y=0= x =~/2sec6

= The tangent intersects the x-axis at P (ﬁ seco, 0)

y-intercept: Put x=0= y =cosec@
= The tangent intersects the y-axis at Q (0, cosec )

We require the locus of R, the mid-point of PQ. Let its co—ordinates be (h, k). Therefore,

hzﬁseceicosez—l .. (0)
2 J2h

K = coseco

. 1
=sinf =— ii
K (1))

Squaring and adding (i) and (ii), we get:
1,1
2h?  4k?

Therefore, the locus of R is:

1 1

22 Tyt

Example - 5

Find the point on the ellipse 4x? + 9y? =1 atwhich the tangent is parallel to the line 8x = 9y.

Solution: The ellipse can be rewritten as:
2 2

ok
) o 1 1.
Letageneral point on this ellipse be (50059’ 35 6 )

Differentiating the equation of the given ellipse, we get:

8x +18yﬂ= 0
dx

iﬂ:—4x

dx 9y

4 ! 0

T %Y —2cate
3

At (Ecose, 1sint9), m, = 1
2 3 9><§sin9
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For the tangent to be parallel to 8x =9y, m, must be equal to the slope of this line. Hence:

—2cotf 8
3 9

— cotf =—
3

:>sin0:§,cosez_—4 or sin9=_—3, cosO =—
5 5 5 5

Hence, the required point is (% cos @, %sin 0 ) or:

__21 and E__l
5'5 5'5 <

Example — 6

Find all the tangents to the curve y = cos(x+ y), —2m < X< 2m, thatare parallel tothe line x+2y =0.

Solution: We require the slope of the tangents to be _71

Differentiating the given equation of the curve, we get:
dy . dy }
—=-sSIn(X+Yy){1+—

dx ( y){ dx

dy  —sin(x+y)
dx  1+sin(x+y)

Since ﬂ=_—l , We now get:
dx 2

sin(x+y) 1
L+sin(x+y) 2
=sin(x+y)=1 .. (i)
But if sin(x+y) is 1, cos(x+Yy) must be 0, so that the equation of the curve reduces to

y=cos(x+y)=0.
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Therefore,sinx=1  (from (i)

-3r & . i
= X= D) (inthe given range for x)
= There are two points on the curve at which the tangent drawn will

-1 -3 T
. ——,0land | =,0
have slope 5 namely[ > ) (2 )

. -1 /4 T
Equations of tangent: Y =3 X—E = X+2y =

-1 3n -3
and y=—| X+— |=> x+2y=—+—
y 2( > ) y=— <

Example — 7

Find the point of intersection of the tangents drawn to the curve x*y =1—y atthe points where it is intersected by
the curve xy = 1-vy.

Solution: We first need to find out the points of intersection of the two curves before determining the equations
of tangents at those points:

Xy =1-y .. (i)
Xy=1-y (D
= x(1-y)=(1-y)
= (1-X)(1-y) =0
= X=1lory=1

The two points or (1%) and (0,1) (verify)

Since we need the tangents to the first curve, we differentiate (i):

2Xy + xzﬂ _Zd
dx dx
N dy _ —2Xy
dx 1+x°
Xl 2 dX] 0.
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Equations of tangents: y—%:_?l(x—l): X+2y—-2=0 ... (i)
y-1=0(x-0)=y=1 . (iv)

The point of intersection of (iii) and (iv) is clearly (0, 1).

Example — 8

Prove that the length intercepted by the co-ordinate axes on any tangent to the curve x*'* + y#* = ¢?'* is constant.

Solution: Differentiating the given curve w.r.t x, we get:

g x Y3 4 E y—1/3 ﬂ =0
3 3 dx

1/3
= E!)[ = — .)[
dx X
Let us take a point on this curve as (t, (cz’3 —t?3 )3’2 )

372 /3

(02/3 _tzls)
t

_dy
dx

=m,

x=t

2% _¢2/3 12

. /
Equation of tangent: ~ y—(c**—t*" )3 ‘=m, (x—t)
y — intercept: Putx=0
/
=y =—tm, +(c*? —t2’3)3 i

— 23 (CZIS _2i3 )1’2 + (C2/3 _t2s )3’2

_ (C2/3 _t2/e )1’2 {t2/3 e _t2/3}

_ 23 (CZIS _23 )1’2

x—intercept: Puty=0
(C2/3 _2h3 )3’2
m,

—t+ (CZIS _t2/3 )t1/3

2/3 £1/3
=c”°t

= X=t—
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Length intercepted between the axes = (x — intercept)? + (y — intercept)?

— C4/3t2/3 +C4/3 (C2/3 _t2/3)

:C2

We see that the length is independent of the parameter t and is therefore a constant. S |

Example — 9

Find the angle of intersection between y* = 4x and x* =4y.

Solution:

»
»

X =4y

Fig-6

There are two points of intersection, which can be obtained by simultaneously solving the equations
for the two curves.

At (0, 0):

y’ =4x and x* =4y
= y* =16x" =64y
= y(y*-64)=0
=y=04
= The points of intersection are (0, 0) and (4, 4). Let m;, and m; represent the slopes

of tangents to x* = 4y and y? = 4x respectively.

dy X
= — =—=0
™ X [,_o
m_r :d—y :E:oo
’ dXx:O y

= The angle between these two tangents is obviously 90° which is visually clear
from Fig-6.
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At (4, 4): 1=% §=2
x=4

_dy 2 1

mTz_dXx:4_y_2

. ) ) (3
Therefore, the two curves intersect in two points, once at 90° and once at tan™ (—) <

Example — 10

Find the shortest distance between two points, one of which lies on the curve y* = 4ax, and the other on the
circle x> +y* —24ay +128a* =0

Solution: Notice that the circle’s equation can be written equivalently as
(x=0)" +(y-12a)" = (4a)’
so that its centre is (0, 12a) and radius is 4a.

Y

A

Circle

Fig-7
Let MN represent the shortest distance between the circle and the ellipse. Since the point N on the
ellipse is nearest to the circle, it will also be nearest to the centre of the circle O, from amongst all the

other points on the ellipse. Hence, to determine MN, we may equivalently find the shortest distance
between the circle’s centre and any point on the ellipse.
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Now, from Fig-8’s geometry, notice a very important fact. The tangent drawn at M must be
perpendicular to ON, or equivalently, ON must be a normal to the ellipse. Only then will N be the
closest point on the ellipse from O. (Convince yourself that this should be true)

A

Fig-8
We take an arbitrary point on the parabola as (at?, 2at). We will write the normal to the parabola at
this point and make this normal pass through the point O.

y* = 4ax
= ZyQ =4a
dx
_dy_2a
dx vy
m,, (at(atz,Zat)) _ X =t
dy (atz,Zat)
Equation of normal: y—2at=—t(x-at?)
= tx+y = 2at +at’ (i)

So that this normal passes through O, the co-ordinates of O(0, 12a) must satisfy (i)
= 12a = 2at +at®
= 2t+t*=12
=t =2 (verify)

We therefore get the co-ordinates of N as (4a, 4a).

Hence, ON =/(4a—0) +(4a-12a)’ =\/80a” = 4\/5a

= MN =4\Ba-4a= 4(5-1)a >
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TRY YOURSELF - |

Q1

Q2.

Q3.

Q4.

Q5.

Q6.

Q7.

Q8.

If ax+by =1 isanormal to the parabola y* = 4cx, prove that
ca®+2ab’c = b?
Find the points on the curve 5x* +5y” —6xy = 4 nearest to the origin.

Find the shortest distance between the line y — x =1 and the curve x = y?

Find the points on the curve ax® + 2bxy +ay® =c¢, ¢>b>a>0, whose distance from the origin is
minimum.

Find the angle(s) of intersection of the following curves:
2

(i) y* =2x; x* =16y (i) X2 +y? =2a ; xy=a
3

(i) 2x2 +y® =4 ; y* =16X (iv) x* +y* =8ax ; y* =

4a—X
Find the equation of the straight line which is tangent at one point and normal at another point of the curve

x=3t% y=2t°
If 1, and I, be the lengths of perpendiculars from the origin on the tangent and normal to the curve

x*"® +y?* =a’"® respectively, atan arbitrary point, prove that 4 12 +12 = a?

n n X
Show that the tangent to the curve (5) +(%J =2 atthe point (a, b) is g+% =2.
a

R i e i e e e b e I i e
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Section - 2 MONOTONICITY

In this section, we turn our attention to the increasing / decreasing nature of functions and how the concept of
derivatives can help us in determining this nature.

Consider a function represented by the following graph:

y =/

X, X,

Fig-9

For two different input arguments x, and x,, where x; < X,, y; = f (x )will always be lessthan y, = f (x;).
Thatis,

X, <X, impliesf (x) < f(x,)

Such a function is called a strictly increasing function or a monotonically increasing function (The word
‘monotonically’ apparently has its origin in the word monotonous; for example, a monotonous routineis one in
which one follows the same routine repeatedly or continuously; similarly amonotonically increasingfunction is one
that increases continuously).
Now, consider f (x)=[x]. For this function

X, < X, does notalwaysimply f (x,)< f (x,)
However,

x, < X, doesimply f (x,)< f(x,)

Inotherwords, f (x)= [x] is not strictly (or monotonically) increasing. It will nevertheless be termed increasing.
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Now consider a function represented by the following graph:

For two different input arguments x_ and x,, where X, <X,,y, = f (x,) will always be greater than y, = f (X, ).
Thatis,
X <X = f(x)>f(x)
Sucha function s called a strictly decreasing function or amonotonically decreasing function.
Now consider f (x)=—[x]. For this function
X <X, doesnotimply f(x)>f(x,)
However, X < X, = f(x)=f(x)

Therefore, f (x)=—[x] isnotstrictly decreasing. It would only be termed decreasing.
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The following table lists down a few examples of functions and their behaviour in different intervals. You are urged

to verify all the assertions listed on your own.
Function
f(x)=x
f(x)=x?

f(x)=x°
(=[x
f(x)=2

f (x)=cosx

f (x)=tanx

f(x)=e"
f(x)=e™

f(x)=Inx

Behaviour
Strictly increasing on R
Strictly decreasing on (—ee,0]
Strictly increasing on [0, )
Strictly increasing on [0, )
Strictly increasing on R
Strictly decreasing on (—co,0]
Strictly increasing on [0, <)
Neither increasing nor decreasing on R.

Strictly decreasing on (—eo,0)
Strictly decreasing on (0, o)

Increasingon R

Neither increasing nor decreasing on R .

However, strictly increasing on [n, n+1) where ne Z

Neither increasing nor decreasing on R.
o . 1 1
Strictly increasing on [(2n _E)n’ (2n +E)7r]; nez

Strictly decreasing on [(2n +%)7r, (2n +g)7c]; neZ
Neither increasing nor decreasing on R.

Strictly increasing on [(2n-1)x,2nz];ne Z

Strictly decreasing on [2n7z, (2n+D)r];ne Z

Neither increasing nor decreasing on R .Strictly increasing on
((n—%}r,(n +%]7r J; ne 7z

Strictly increasing on R

Strictly decreasing on R

Strictly increasing on (0, o)
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Let us now deduce the condition(s) on the derivative of a function f(x) which determines whether f(x) is
increasing/decreasing on a given interval. We are assuming thatf(x) is everywhere differentiable.

y y
p- p-
y =) y st
f'x)>0 vx
/ / g'W=0vx
> X > X
Strictly increasing function Increasing function
Fig- 11

The function onthe leftside, y = f (x), isastrictly increasing function. Notice that the slope of the tangent drawn

atany pointon this curve is always positive. Hence, a sufficient condition forf(x) to be strictly increasing ona given
domainD is

f’(x)>0 VvxeD
Later on, we will see that this is not a necessary condition for a function to be strictly increasing.

In Fig-11, the function on the right side, y = g (x) is not strictly increasing though it is increasing. Notice that

9’(x)>0o0r g’(x)=0 for ¥x. g’(x) isnevernegative. Hence, a sufficient condition for g(x) to be increasing
onagivendomainD is

9’(x)20 VxeD

* Note that for these condition on the derivatives to be applied, the function must be differentiable in the
given domain. However, these conditions will hold good even if the function is non differentiable, but

only at a finite number (or infinitely countable number) of points. Foreg, f (x)=|x]+, /{x} isstrictly

increasing on R. However, f(x) is non-differentiable at all integers (a countable set).

* A function must be continuous for these conditions to be applied. Consider y ={x}. This is non-

differentiable (due to discontinuities) atall integers. Atall other points, y'=1 > 0. However, we know
that y ={x} isnotstrictly increasing.
_ 1. : : : . -1
Similarly, y =— isnon-differentiable (and non-continuous) atx = 0. Atall other points, y '= 2z <0
X

so thaty should be strictly decreasing on R\{0}. However, it is not strictly decreasing on R\{0}

although it is strictly decreasing in the separate intervals (—eo,0) and (e°,0).
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Therefore, we see that discontinuous functions cannot be subjected to the derivative condition even
though they may be discontinuous only at a finite (or infinitely countable) number of points.

Now consider f(x) and g(x) in Fig 12

y y
y =/ S y =g S
f'x)<0 vx g'x)<0 vx
> X > X
Strictly decreasing function Decreasing function
Fig- 12
Extending the previous case, we get the conditions for a (strictly) decreasing function :
Strictly decreasing : f'(x)<0 Vxe D
Decreasing ; f’(x)<0 Vxe D

The remarks made for the increasing case hold true here also.
Before concluding this section, here are some other facts worth paying attention to:

(@) Iff(x)isstrictly increasing, then f(x) isalso strictly increasing. Similarly, if f(x) is strictly decreasing
then f(x) is also strictly decreasing.

(b) 1ff(x) and g(x) have the same monotonicity (both increasing or decreasing) on [a, b], then f (g (x))
and g ( f (x)) are monotonically increasing on [a, b].

(c) Iff(x)and g(x) have opposite monotonicity on [a, b], then f (g (x)) and g ( f (x)) are strictly
decreasingon [a, b]
(d) The inverse of a continuous function is continuous

(e) If f'(x)>0 Vxe (a, b) except for afinite (or an infinitely countable) number of points where
f'(x)=0, f(x) isstillstrictly increasing on (a, b). This is why we said earlier that
f (x) >0 Vxe D isnotanecessary condition for strict increase. For example, in a later example

we will consider the graph of the function f (x) = x+cos x. We will seethat f '(x)=1-sinx isnot

always positive [at X=2nr+ Sne Z,f'(x)=0 ); even then, f(x) increases strictly, because the
points at which f'(x) = 0 are countable

(f) Similarlyif f'(x)<, 0Vxe (a, b) exceptforafinite (or an infinitely countable) number of points

where f'(x)=0, f(x) isstill strictly decreasing on (a, b)
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Example — 11

Determine the intervals in which the following functions are increasing or decreasing:

Solution:

@ f(x)=x"—x
(b) f(x)=x>-6x*+11x—6

In this and subsequent questions where we are required to find out the intervals of increase/decrease,
we first determine f'(x). f(x) increases in all intervals where f'(x) > 0 and decreases in all intervals

where f'(x) < 0.
@ f'(x)=3x"-1

Interval(s) of strict increase: f’(x)>0

= 3x?-1>0

- 1
= X<—= 0rXx>—

NN
Interval(s) of strict decrease: f’(x)<0

= 3x*-1<0

-1 1
= =< X<—F=
NN

. : 1 (=11
Therefore, f (X) increases in (—oo, E ]u (ﬁ oo ) and decreases in (ﬁ ' ﬁ ) The graph for
f (x) confirms this: (to plot the graph, the knowledge of roots of f (x) helps, which is easy to obtain

for this example; xX* —x=0= x=0,+1)
Yy

7' N

®) f'(x)=3x*-12x+11

The roots of f/(x) are 22 i6*/172 _6%3 1

=2+—
3

w
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Interval(s) of strict increase: f’(x)>0

— 3x?-12x+11>0

= x<2—i orx>2+i
J3 N

Interval(s) of strict decrease: f’(x)<0
= 3x*-12x+11<0

= 2—i<x<2+i

NG NG

f(x) can be factorised as (x — 1)(x — 2)(x — 3) so that the roots of f(x) are x=1, 2, 3. The graph for
f(x) is approximately sketched below:
y

A

Y= (@-DE-2)(x-3)

: )
H 2+ —
/;\ ‘/3_
1 ;2 i 5 0"
2-= :
3 \_/

Fig - 14
<

Example — 12

Determine the values of x for which f(x) =x*, x> 0 is increasing or decreasing.

Solution: To find f'(x), we first take the logarithm of both sides of the given equation:
In( f(x))=xInx
Differentiating both sides, we get:

1
f(xX)=x-=+Inx-1
f (x) () X

=1+InX

= f’(x)=x"(1+Inx)
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Interval(s) of strict increase: f'(x)>0

= X" (1+Inx)>0

= 1+Inx>0

L1
= X>e =—
e

Interval(s) of strict decrease: ~ f’(x)<0

= x*(1+Inx)<0

1
= X<=
e
To plot the graph of f(x), notice that Iing f(x)= Iing x*
=lime™™ = e =g =1,
Also, lim(f (x))=ee.

X—>00

1
f(x) decreases in (0, 1/e) and increases in (E’ oo )

(I/e)“'.

1/e

Fig- 15

Example — 13

Separate the interval [0, /2] into sub-intervals inwhich f (x)=sin* x+cos* x is increasing or decreasing.
Solution: ~ f’(x)=4sin® xcos x —4cos® xsin x

= 4sinxcos x(sin’® x - cos’ X)

= 2sin 2x(—cos 2x)

= —sin4x
We now need to consider the sign of f'(x) in the interval [0, t/2].
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Interval(s) of strict increase: f’(x)>0

= —sin4x>0

= sSindx<0

= 1 < 4x < 2 (Thisrange of 4xwill ensure that x itself lies in [O,E])
T T
= —<X<—
4
Interval(s) strict decrease:  f’(x)<0

= —sin4x<0
= 0<4x<rm

= 0<x<rml/4

Therefore, f(x) decreases in [0, /4] and increases in [%,E] . The minimum value in [0, /2] is at

x=m/4equalto f(x) :% and the maximum value isatx =0 or x =% equal to f(x) = 1. The graph

is approximately sketched below:

. 4 4
y =sinx t cosx

N
vola
A

Fig- 16

Example — 14

: - . . X2+ x+1
Determine the intervals of monotonicity of the function f (x)=——— T
X" =X+
X2 —x+1)(2x+1) - (x* + x+1)(2x -1

Solution: f’(x):( )( ) ( )( )

(x2 - x+1)2
(2x3 —x% + x+1)—(2x3 X2+ x—1)
(x2 - x+1)2
-2(x* -1)
(x* - x+1)2
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Interval(s) of strict increase: f’(x)>0
-2(x* -1)

ﬁ>0
(x —x+1)

=

= x*-1<0

= -1l<x<l
Interval(s) of strict decrease: f'(x)<0

= x*-1>0

= Xx<-lor x>1

Therefore, f(x) strictly increases in (-1, 1) and strictly decreases in (—eo,—1) U (1,) . S |
We will be able to sketch the graphs of such functions accurately after going through the section on
Maxima/Minima. However, you are still urged to give it a try for this example using the knowledge
you’ve gained upto this point.

Example — 15
xe®, X<0 . .. . . . . n e .
Let f(x)={ . s },wherealsaposmve constant. Find the intervals in which f '(x) is increasing.
X+ax —x>, x>0

Solution:

Notice that we are required to find the intervals of increase of f '(x) and not f (x). Therefore, we need
to first determine f '(x) from f (x), and then check the sign of the derivative of f '(x) in different

intervals, i.e, the sign of f "(x).
Observe that f (x) is continuous and differentiable at x = 0 so that f '(x) is defined at x = 0.

Therefore,

1 & <
£(x)= (1+ax)e 2 x<0
1+2ax—-3x", x>0
Notice again that f'(x) is also continuous and differentiable at x = 0 so that f "(x) is also defined at
x = 0.
& <
£ (x) = (2+ax)ae™, x<0
2a —6X, x>0
Interval(s) of strict increase for f '(x):  f”/(x)>0
= 2+ax>0(ifx<0) and 2a—6x>0(if x> 0)

= x> 2(ifx<0) and x<§(ifx>0)
a

= _—2<xso and O<x<E
a 3
-2 a
= —<X<—
3

Therefore, f'(x) is strictly increasing on the interval (_—2 %) . S |
a
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Example — 16

For what values of A does the function f (x)=(A+2)x’ —3Ax* +9Ax —1 decrease for all x?

Solution:  f'(x) must be negative for all x if f (X) is to decrease for all x.
f7(x)=3(2+2)x* —6Ax+92

f'(x)<0 Vxe R
= Doff’(x)<0 and  A1+2<0
= 3617 -108A4(A+2)<0 and  A+2<0
= A*-31(1+2)<0 and  21<-2
= 2A°+61>0 and  A<-2
= A<-30r 1>0 and  A<-2
= A<-3
Therefore, if A e(—e,-3), f (x)will decrease for all x. <

Example — 17

Prove that the function f (x)= —X_isstrictly increasing on (og) :
sinx

Solution:  f'(x) must be positive for the entire interval (Og) if f (x) is to be increasing on this interval.

, Sin X — XCoS X
F(x)= sin? x

Therefore, sin x — x cos x must be positive Vxe 0,% . Observe that it is not immediately obvious

whether (sin x—x cos x) will be always positive for the required interval. How do we prove this then?
Let the expression (sin x — x cos x) be represented by the function g(x),
ie.

g(x) = sin x — X Cos X.

Notice that for x =0, g(0) = 0.

Since we have to show that g(x) >0 VXG(O,%), we can equivalently try to show that

g(x) > g(0) vx e(o,g) {since g(0) = 0}, which could possibly happen if g(x) is increasing on
O, m/2).
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Hence, we analyse the sign of g'(x) in (0, t/2)
g'(x) = cos x — cos X + X sin X
=X sinXx

= g'(x)>0 Vxe(0,7/2)

= g(x) isincreasing on (0, /2)
= g(x)>g(0) Vvxe(0,7/2)
= sinx—xcosx>0 Vxe (0,7/2)
= f’'(x)>0 Vxe(0,7/2)

= f (x) isstrictly increasing on (0,7/2)

Example — 18

Find the bigger of the two numbers e™and m.

Solution: The purpose of including this example here is to demonstrate that monotonicity can be used to determine

the answers to such questions by constructing some corresponding function which could be analysed
for its interval of increase/decrease.

To determine the bigger of the two numberse™and rt®, we can equivalently determine the bigger of the
two numbers eV¢and T V™ (why ?). This latter alternative is helpful because we can now construct a
function f(x) =x ¥Y*and analyse this for monotonicity. We can then find which of the two numbersf (€)
and f () is larger.

f(x)=x"x>0
= Inf (x):llnx
X

Differentiating both sides, we get

— f,(X) _ X (1_In X)

= f'(x)>0 i 1-Inx>0  or x<e
and f'(x) <0 if 1-Inx<0 or X>e
Therefore, f (x) increases on (0, e) and decreases on (e, o).

= f(e)>f(n) (since f decreases for x > e and mt is greater than e)
= elle > n.l/zr
= e >n° <
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Example — 19

Letf (x) be areal function and g(x) be a function given by

g(x)=f ()= (f (x)) +(f(x)) forall xe R.
Prove that f (x) and g (x) increase or decrease together.

Solution: To prove the stated assertion, we must show that for any x, f'(x) and g'(x) have the same sign.
Differentiating the given functional relation in the question, we get:

g'(x) =f'(x) = 2f (x) £'(x) + 3(F ())*f '(x)
=10 {1- 21 (x) + 3(f (x))°}
=f'(x) {1 -2y +3y?} (f(x)hasbeen substituted by y for convenience)

To show that f'(x) and g'(x) have the same sign, we must show that (3y?—2y +1) is always positive,
no matter what the value of y (or f (x)) is.
Leth(y) =3y?-2y +1
Discriminantofh(y)=4-12= -8<0
= The parabola for h (y) will not intersect the horizontal axis.
= h(y) >0 forall values of y.
= 3y?-2y+1>0forallyvalues.

= f'(x) and g'(x) have the same sign

= f(x) and g(x) increase or decrease together. S |

Example — 20

Prove that sin x < x <tan x Vxe [0%)

Solution: We first prove that sin x <x in the given interval.

Consider f (x) = x —sin x {f (0) will be 0}
= f'(x) = 1- cos x

In (0, m/2),cos x<1
= f'(X)=1-cosx>0 Vxe (0,7/2)
= f(x)isincreasingon (0, t/2)

= f(x)>f(0) Vxe (0,7/2)
= Xx-sinx>0 Vxe (0,m/2)
= Xx>sinx Vxe (0,7/2) (i)
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Following the proof above, we now construct another function to prove the second part of the inequality:

g(x)=tanx-x {g(0)will be 0}

U

g'(x) =sec?’x-1

Since sec? > 1 for xe (0,7/2)
g'(x) >0 Vxe (0,7/2)

g (x) isincreasing on (0,n/2)

g (x) >g(0) Vxe (0,7/2)

L0 Ul

tan x —x >0 Vxe (0,7/2)

= tanx>x Vxe(0,7/2) (i)
From (i) and (ii),
sinx<x<tanx Vxe (0,7/2) <
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TRY YOURSELF - I

Q1

Q2.

Q3.

Q4.

Q5.

(@) Provethat

2x >3sinx—xcos x forall xe (0%)

(b) Prove that

2
l-x<e™ <1—x+X? forall x>0

(c) Prove that

2sin x+tan x > 3x forall xe [0, %)

(d) Prove that
tan x Y

foraII0<y<x<Z
tany X 2

Find the intervals of monotonicity of the function f (x)= |X _2]4
X

Find the intervals inwhich f (x)=2 In(x—2)-x* +4x+1 isincreasing or decreasing.

Find the intervals of monotonicity of the following functions:
@ y=(x-2) (2x+1)’ (b) y=x—¢"

() y=x+cosx @)Y= —ox? +6x

sin(x+a)

Show that the function y = —
sin(x+b)

of the function.

varies monotonically in any interval having no points of discontinuity
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Section - 3

MAXIMA AND MINIMA

Although the name itself is suggestive, we introduce the concept of maxima and minima here through asimple

example:

y =1

A\

Consider an arbitrary function f(x).

Fig- 17

The concept of Maxima and Minima is a way to characterize the peaks and troughs of f(x). For example, we see
that there is a peak atx = a ; this point is therefore a local maximum; similarly, x = 0 is also a local maximum;
however, since f(0) has the largest value on the entire domain, x = 0 is also a global maximum.

Analogously, x = b and x = ¢ are local minimum points; x = c is also a global minimum.

Having introduced the concept intuitively, we can now introduce more rigorous definitions:

A LOCAL MAXIMUM:
(B) GLOBAL MAXIMUM:
©) LOCAL MINIMUM:

Apointx=a isalocal maximum for f(x) if in the neighbourhood of ai.e
in (a—0,a+0) where § canbe madearbitrarily small, f (x)< f (a)

forall xe (a—&,a+38)\{a}. This simply means that if we consider a

small region (interval) around x = a, f(a) should be the maximum in that
interval.

A point x = a is a global maximum for f(x) if f(x)< f(a) for all
xe D (the domain of f(x)).

A pointx =a is alocal minimum for f(x) if in the neighbourhood of a, i.e.
in (a—d,a+d), (where § can have arbitrarily small values),

f(x)>f(a)forall xe (a—8,a+6)\{a}. This means that if we

consider asmall interval around x = a, f(a) should be the minimum in that
interval.
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(D) GLOBAL MINIMUM: A point x = a is a global minimum for f(x) if f(x)> f(a) for all
x€ D (the domain of f(x)).
As examples, f (x)=|x| has a local (and global) minimumatx =0, f(x) = x* has a local (and

global) minimum atx = 0, f(x) =sin x has local (and global) maximaat x = 2nx +%, ne Z and local

(and also global) minimaat x = 2nz — % ne Z . Note that, for a function f(x), a local minimum could

actually be larger than a local maximum elsewhere. There is no restriction to this. A local minimum
value implies aminimum only in the immediate ‘surroundings’ or ‘neighbourhood’ and not ‘globally’;
similar is the case for a local maximum point.

y

A

X = a is a local minimum
x = b is a local maximum

J@) > f1b).

Fig - 18

To proceed further, we now restrict our attention only to continuous and differentiable functions.

HOW TO EVALUATE EXTREMUM POINTS?
Consider a function f(x) that attains a local maximum at x = a as shown in the figure below:

Fig - 19
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It is obvious that the tangent drawn to the curve at x = a must have 0 slope, i,e, f'(a) =0.

This is therefore a necessary condition; however, it is not sufficient.

Consider f (x)=x°.

Fig - 20
Observe that even though f’(0) = 3X2‘X70 =0, x =0 is not an extremum point. What is then, the difference

between this and the function discussed previously in Fig-19 ?

In the previous function, observe that f'(x) is positive for x <a and negative for x > a (we only need to focus on
the neighbourhood of x =a) i.e, f'(x) changes sign from positive to negative as x crosses a.

What would have happened had x = a been a local minimum point?

¥

7' N

\

v

A

X =a

Fig - 21

We now see that f'(x) changes sign from negative to positive as x crosses a.
However, for f(x) = x3, observe that f '(x) does not change sign as x crosses 0; f'(x) > 0 whether x <0 or x > 0.

This distinction therefore leads us to our sufficient condition.
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\_

\

x =aisalocal maximum for f(x) if
f'@)=0
f'(x) changes from (+ve) — (—ve) as x crosses a (from left to right)
x =ais alocal minimum for f(x) if
f'@)=0
f'(x) changes from (-ve) — (+ve) as x crosses a.

X = ais notan extremum point for f(x) if
f'@=0
but f'(x) does not change sign as x crosses a. /

These straight forward criteria constitute what is known as the First Derivative Test.
The tedious task of evaluating the sign of f'(x) in the left hand and right hand side of x = a can be done away with
by using the Second Derivative Test:

x =aisalocal maximum for f(x) if
f'@ =0 andf"(a) <0

x =ais alocal minimum for f(x) if
f'@=0andf"(a) >0

What happens if f "(a)is also 0?

To deal with such a situation , there is finally a Higher Order Derivative Test:

/

.

If f'@=f"(@=f"@)=...... =fr@=0 \
and
fr@@ # 0
Ifnisevenand

f"(a)>0=> x=a isapointof local minimum

f"(a)<0= x=a isapointoflocal maximum

otherwise
If nisodd
= X =a isneither alocal maximum nor alocal minimum.
(n is basically the number of times you have to differentiate f(x) so that f" (a) becomes
non-zero with all the lower derivatives being 0 atx = a).

/
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Let us apply this test to some examples:
(a) f(x)=x*: f’(0)=0
f7(0)=2#0
= nisevenandf"(0)>0
= x =0 isapointof local minimum.

Notice that the Higher Order Derivative Test that we have applied here is actually
nothing but the Second Order Derivative Test.

(b f(x)=x%: f’(0)=f"(0)=0

£7(0)%0

=> N is 0odd so that x = 0 is not an extremum point.
() f(x)=x": f’(0)=f”(0)=f"(0)=0

f77(0)=24>0
= nisevenand f"(0)>0
= x =0 isapointof local minimum.

(d) f(x)=x*|: f7(0)=f"(0)=....f*(0)=0
f*(0)#0
= nisodd
= x =0 iIsnotan extremum point
(e) f(x)=x"|: f’(0)=f”(0)=....f*(0)=0
f*(0)>0

= nisevenand f**(0)>0

= X =0 isapointof local minimum.

These examples should give you an idea on how to apply the higher order derivative test in case it is required.
However, the first and second order derivative tests will suffice for all our requirements.

CONVEXITY / CONCAVITY

Observe the two graphs sketched in the figure below. What is the difference between them? Althoughthey are
both increasing, the first graph’s rate of increase is itself increasing whereas the rate of increase is decreasing in
case of the second graph.

y Y
— o
» X [ » x
(A) (B)
Fig - 22
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On graph A, if you draw a tangent any where, the entire curve will lieabove this tangent. Sucha curve iscalled a
concave upwards curve . For graph B, the entire curve will lie below any tangent drawn to itself. Such a curve is
called a concave downwards curve.

The concavity’s nature can of course be restricted to particular intervals. For example, a graph might be concave
upwards in some interval while concave downwards in another.

Concave
downwards

Concave
upwards

Fig - 23

How would concavity be related to the derivative(s) of the function?
We can determine this intuitively. Let us again consider graph A in Fig.- 22. This is a concave upwards curve. We
see that the rate of increase of the graph itself increases with increasingx, i.e. rate of increase of slope is positive:

(9 >0
dx | dx
d’y
dx’
Similarly, for a concave downwards curve,
d’y
dx?
The nature of concavity is simply related to the sign of the second derivative. This can of course be proved more

rigorously.
We now finally come to what we mean by point of inflexion. Consider f(x) = x*again

f’(0)=f7(0)=0
f”(x)<0forx<0

and >0 forx>0

= >0

<0

= f”(x) changes sign as x crosses 0.

= f(x) changes the nature of its concavity asx crosses 0.
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Suchapoint s called a point of inflexion, a point at which the concavity of the graph changes.

Notice that f”(a)=0 alone is not sufficient to guarantee a point of inflexion atx = a. f "(x) must also change sign

as X Crosses a.

Forexample,in f (x)=x*, f”(0)=0 butx=0isnotapointofinflexionsince f”(x) does not change its sign

as x crosses 0. From the higher order derivative test, we know thatx = 0 is a local minimum for f (x)=x".

You should view the entire discussion above in one coherent flow and should not treat the various facts presented
independent of each other; you must realise how they are interlinked. The first order derivative test follows from
the second order derivative test, which follows from the higher order derivative test. For this purpose, the entire

discussion has been summarized in the table below:

FODT SODT HODT
Maxima f(@)=0 f(a)=0 f:'(a) =0
£'(x) changes sign f"a)<0 f'@=0
from +ve to —ve as o
X CrOSSes a S (@=0
f(@)<0
where 7 is even
(If nis odd, x = a is not
an extremum point; it is
a point of inflexion.)
Minima | f'(a) =0 f'(@)=0 f'(@)=0
f"'(x) changes sign f"(@)>0 f"(a)=0
from —ve to +ve as :
X Crosses a " (@)=0
f(@)>0
where 7 is even
(If n is odd, x = a is not
an extremum point; it is
a point of inflexion.)
Point of f(@)=f"(a)=0
inflexion f"(x) changes sign as x crosses a

We will be using FODT and SODT interchangeably to determine extrema for a given function. The need for the

HODT will hardly arise.
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Example — 21

Find the extrema points of f (x)=3x"—4x° —36x’ +28.
Solution:  f’(x)=12x>-12x*-72x
=12x(x* - x+6)
=12x(x+2)(x—-3)

We determine the sign of f '(x) using a number line:

—ve +ve —ve +ve

-2 0 3

From the number line, observe that (using the FODT):
x =-2 and x = 3 are local minima

x = 0 isalocal maximum
Alternatively, we can use the SODT:

f”(x)=36x"—24x—72

=12(3x* —2x—6)
f”(0) <0= x=0 isalocal maximum
f”(-2)>0= x=-2 isalocal minimum

f”(3)>0= x =3 isalocal minimum. <

Example — 22

Let f (x)=2x°-3(a+b)x*+6abx. Ifa<hb, determine the local maximum/minimum points of f (x). Ifa=b,
how will the answer change?

Solution: f'(x) =6x?-6(a+ b)x +6ab
=6(x—a)(x—b)

To determine the sign of f'(x) in different intervals, we use a number line:

f'(x)>0 | f'(x)<0 | f'(x)>0
a b
f'(x)>0: x<a or X>Db
f'(x)<0: a<x<b
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Observe that f'(x) changes from positive to negative in the neighbourhood of x = a.
= x=aisapoint of local maximum
Similarly, f'(x) changes from negative to positive in the neighbourhood of x =b.
= Xx=Dbisapoint of local minimum.
Ifa=b,f'(x) =6 (x—a)?
Notice that f'(x) is never negative. f'(x) is always positive except at x =awhere f'(x) =0

= Xx=alisapointof inflexion. <

Example — 23

Let (h, k) be a fixed point, where h >0, k> 0. A straight line passing through this point cuts the positive direction
of the co-ordinate axes at the points P and Q. Find the minimum area of AOPQ, O being the origin.

Solution: The given point (h, k) will lie in the first quadrant.

Convince yourself that there will be a particular slope of PQ at which the area of AOPQ is minimum.
If the (slope) — 0 or (slope) — <, (@rea) — o= . However, at some finite slope in between these
two extremes, area will assume a minimum value.

A

As (slope — x), area —

At some particular inclination,
area (A POQ) is minimum

(h, k)

WS

Fig - 24

As (slope —0), area — ©

Assume m to be the slope we wish to determine so that area is minimum (Notice that m will be
negative). We first write down the equation of a straight line passing through (h, k) with slope m:
y—k=m(x-h)

m
Assume A to be the area of AOPQ.

This cuts the X-axis at P(h _k , 0) and the Y-axis at Q (0, k—mh)
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Since m must be negative, m = e

Now,
dzA 1 (kz _ m2h2)
dm?| . 2m? (_thz)_ m?
m:T m:;hk
:Di>0
k

= M= s isa point of local minimum for A.
From (i), the minimum value of A is :

-1 2
L= k—mh = 2hk
Avin 2m( ) o

m=

40
Therefore,
AZ%XOPXOQ
zix(h—h)x(k—mh)
2 m
-1 2
=——(k-mh i
~——(k—mn) -0
For A to be minimum,
2
ﬁ=0 and d2A>0
m d'm
dA -1 2 1
—=—2(k=mh).(=h)+(k-mh)".
= g 2k mh) () (k)
1 2 22
:2m2(k —m?h )
= d—A:O when k*=m?h®>=0
dm
S om=zX
h
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Example — 24

What normal to the curve y = x? forms the shortest chord?

Solution: Asinthe previous example, notice that there will exist a particular normal for which the chord intercepted
by the parabola is minimum. The maximum length of this chord is of course unbounded (infinity).

y
A
J) =x
0 There will exist a particular
normal that forms the shortest
P chord PQ.
» X
Fig- 25

Let usassume P to have the co-ordinates (t , t2). We will write the equation of the normal at P, find the
other intersection point (the point Q) of this normal with the parabola, and then find PQ in terms of t.
Then we will find t for which PQ is minimum.

y=x
= Y 2x|, =2t
dx|, P
mo =1
"ot
: 2_—1 :
Equation of normal: y-t =E(X_t) ..(i)

Let the point Q be (t', t ). Since Q lies on the normal at P, the co-ordinates of Q must satisfy (i).

= 7 -t? :;—tl(t'—t)

= (CH)(U-1)= (1 -)

U+t=— (-t'-
= t+t=— (wt'-t#0)

= t’:—t—i
2t
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The length PQisgivenby: PQ? = (t'—t)" + (17 —t? )2

= (-t {1+ (t+1)°}
:(2t+%)2 {1+I12}
=4t2(1+4—12)3

To minimize PQ, we can equivalently minimize PQ?.

P 2 3 2 _
= M:&(“%) +4t2><3(1+i2] w2
4t 4t

dt 4t3
2_
a1 iz 2t -1
4t t

ThisisOwhen t* = 1 ort= ii
2 V2
d*(PQ?
Verify that # >0
dt .
tziﬁ 1
= PQisminimumfort=+— «
2
Finding out the equations of the normals corresponding to the two values oft is left to the reader as an
exercise.
Example — 25

Find the greatest curved surface of a cylinder that can be inscribed inside a sphere of radiusR.

Solution: We can assume any of the dimensions of this cylinder as a variable. The other dimension can then be
expressed in terms of this assumed variable. For example, we can assume the radius of the inscribed
cylinder to be a variable r. The height of this cylinder h (and hence the surface area A) can then be
written in terms of the radiusr.
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Refer to the following figure which shows how to write the heighth in terms of r.

Notice that
h=2

Fig - 26
Fromthe figure, h = 24/R? —r?
= A=2rrh
=4rrVR? —r?
For minimum A, 4 dA d A =0

ThisisOwhen:
R? = 2r?

= r=—

NG

2

. d
Verify that ar?

will be negative.
R

V2

R
=T =$ is a local maximum for A.

= A =4nryR*—r?

R
r=

)

= 27r
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Find the shortest distance between the curves y? = x* and 9x? + 9y2-30y +16 = 0.

Solution: Note that the equation of the second curve can be rearranged as :

2
9x2+9(y—§J ~9=0

2
= x2+(y—g) =1

Thisisacircle of radius 1 centred at (0,5). As in Example -10, we can now equivalently find the

shortest distance between the curve y? = x3 and the centre of this circle, i.e, (0,5/3).

>
>

(t, 1)

Fig - 27

A general point on the curve y? = x3 can be taken as (t?, t%). Its distance from the circle’s centre is

givenby:
2 5 5
I?=(t*-0) +|t°-=
(-0 +(-5)

10t 25
+_
9

=t*+t° -

Now, we minimize I>w.r.t t:
d (12
—( ):4t3+6t5 —10t*
dt
= 2t? (3t3 +2t —5)

=2t (t-1)(3t* +5t+5
(t-1)( )
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ThisisOwhent=0, 1 {3t?+5t+5> vte R}

d*(1?)

Verify that

>0 sothatt=1isapoint of local minimum (What about t = 0?)

dt?
t=1
= 12 :1+1—£+§
3
_13
9
= Imin :g 4

Example — 27

Find the area of the greatest isosceles triangle that can be inscribed in a given ellipse having itsvertex coincident

with one end of the major axis.
X2 y2
e

Solution: Assuming the equation of the ellipse to be ?+ . =1, let one vertex of the isosceles triangle be

coincident with (—a, 0). The other two vertices are variable (though related to each other as mirror
reflections).

(a cos 0, b sin 0)

R

y
0
(-a, 0) S
/ )

(a cos 0, -b sin )

Fig - 28
The area of APQR is

A:%XQRXPS

:%besinGx(a+acose)

= absin 6 (1+cos0)
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For maximum area,

2
d—A=0 and d"A

<0
do do?

= 3—2:ab{cos@(l+cos¢9)—sin9-sin@}

= ab{cos@ +cos’ 6 —sin” 0}
=ab{cos6 +cos’ 6 —1+cos’ 6}
=ab{2cos’ 6 +cos6 -1}

=ab(2cos6 —1)(cos6 +1)
This is 0 when coso :% — 6 :%

or cosf =-1 = 0=r (obviously a non-valid solution)

2

\erify that 462 <0 sothat @ = % is a point of local maximum for A.
0=r/3

Ane =absin @ (1+coso)|,

=ab><£><§
2 2
3v3ab
_ J; <

Example — 28

Find the points on the curve ax? + 2bxy + ay? =, 0<a<b <c, whose distance from the origin is minimum.

Solution: In some cases, the form of a variable point on a given curve is obvious from the equation of the curve.
2 2

: : X i
For example, we can take a variable point on —2+g—2 =1las(acos®,bsin®)andony=x%as
a

(t, t2) and so on.

However, if this form is not obvious from the curve, we can take itto be (r cos 0, r sin 8) and make this
point (which could represent any point on the plane) satisfy the equation of the given curve. We will
do this for the current example.
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a(rcos 0)?+2b (rcos 0)(rsin0) +a(rsin0)>=c
=ar2+br?sin20=c

2 _ C .
a+bsin26 (1)

Any point on the curve must satisfy (i). From (i), it is immediately obvious thatr> hasa minimum value
C

=1T

of a+b (whensin 26 =1). We were able to obtain the answer without differentiation.
sin26=1

5

2

S5 L . .

v (6 must lie in [0, 2x] so we obtain only two possible values)

= 20=2
2

:>0:£,
4

- _ o _ C C
For 6 = the required point s (r cos 6, r sin ©) or (\/2(a+b)’ \/2(a+b))

57 . o ) C C
Forezj, the required pointis (rcos 6, rsin@)or| ~ 2(

a+b)’ \2(a+b)

Example — 29

the maximum area of APQR.

A point P is given on the circumference of a circle of radiusr. The chord QR is parallel to the tangent line at P. Find
Solution:

Observe that since QR is parallel to the tangent at P, the triangle PQR must be isosceles. This will
become more clear upon carefully observing the following figure :

P
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Let (r cos 6, r sin ©) be a point on the given curve. The co-ordinates therefore must satisfy the
equation of the curve:
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We can assume either #OQS or the length OS as the variable on which the area A will be

dependent. We let the variable be £OQS =6.
= OS =rsind

= PS=r+rsin@
and QR=2rcos 6

= A:%xQRx PS

=r’cosO(1+sin6)

2
For maximum area, d—A =0 and 37':‘ <0

de
dA L, . .
q0-" {-sin6 (1+sin6)+cos6.cos6}
=r*{cos’ 0 —sin’ 6 —sin6}
=r*{1-sin6-2sin’6}
=r*(1+sin6)(1-2sinH)

Thisis0when sinG:%: 9:5
or sin6=-1 (not a possible case)

2

\erify that d

Vid
<0 forg==—
6? 6

Therefore, area is maximum for 6 = % )
A =r?cos6 (1+sin6)

_3J3r?

4

0=r/6

Example — 30

Find the point on the curve 4x?+ a%y? = 4a?, 4 <a?< 8, that is farthest from the point (0, -2).

2 2

Solution: Upon rearrangement, the equation of the curve gives X—z + yT =
a

A general variable point P on this ellipse can be taken as (a cos6, 2 sin®).

1 which is the equation of an ellipse.
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Let r represent the distance of P from (0, -2).

r’=(acos0—-0)2+(2sin 6 + 2)?
=a?cos?0 + 4 (1 + sin 0)?

2 2 2
For r 2to be maximum, m =0 and M <0

e
d(r*)

o =-2a’sin®cosO +8(1+sin0)cosO

:cose{(8—2a2)sin9+8}
ThisisOwhen:
cos 6=0 =>9=%

or

(8-2a%)sin® =-8 :>sin0:aZ_4

4
But 4 >1 (verify) and sin@ cannot be greater than 1. Hence, this case does not given any valid

a’-
value of 6.

:>0=£
2

2

\eri thtdz(rz) 0
erify tha 0 <

6=m/2

T . .
= 0 :E is a local maximum for r?

The required pointis (acos#@, 2sin 9)\ ,0r(0,2). <

O=m/
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TRY YOURSELF - |l

Q1

Q2.

Q3.

Q4.

Q5.

2 2
- . a )
Prove that the minimum radius vector of the curve 7+7 =lisa+h.

Find the maximum area of a rectangle that has two of its corners on the latus rectum and the other two on
the portion of the curve cut off by the latus rectum of the parabola y* = 4ax .

For a given curved surface area of aright circular cone, show that the volume is maximum when the

. 1
semi-vertical angle of the cone is sin™| — |.
’ [@)

Find the maximaand minima of the following functions:

@ y_3x2+4x+4 (b) y= 1+3x
X2+ x+1 V4 +5x°
(€) y=2x>—6x*-18x+7 (d) y=><Sin><+003><—%><2 i”[%’ %]

Determine the altitude of a cylinder of the greatest possible volume which can be inscribed in a sphere of
radius R.

R e S i S b S b i i
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Section - 4 MEAN VALUE THEOREMS AND OTHER APPLICATIONS

In this section we will deal with some straight forward but quite useful applications of derivatives. We start with the
Rolle’s theorem, a simple but powerful theorem having a lot of practical importance.

(A)

(B)

ROLLE’S THEOREM

Let f (x) beafunction defined on [a, b] such that

(1) itiscontinuouson [a, b]

(i1) itis differentiable on (a, b)

(iii) f(a) =f(b)

Then there exists a real number ce (a,b) such thatf '(c) =0.

The geometrical interpretation of this theorem is quite straightforward. Consider an arbitrary curve
y =f (x) and two points x =a and x = b such that f (a) = f (b).

A
v

a c b

Fig - 30

Since A and B are joined by a continuous and differentiable curve, at least one pointx = c will always
existin (a, b) where the tangent drawn is horizontal, or equivalently, f ‘(c) = 0. Convince yourself that
no matter what curve joins A and B, as long as it is continuous and differentiable one such ¢ will always
exist.

From Rolle’s theorem, it follows that between any two roots of a polynomial f (x) will lie a root of the
polynomial f '(x).

The (straightforward) proof of Rolle’s theorem is left as an exercise to the reader.

LAGRANGE’S MEAN VALUE THEOREM
Let f (x) be a function defined on [a, b] such that
(1) itiscontinuouson [a, b]

(i1) itis differentiable on (a, b).

Then there exists a real number ce (a,b) such that

(o)1 (@)

b-a

Maths / Applications of Derivatives




I 52 |

To interpret this theorem geometrically, we take an arbitrary functiony = f (x) and two arbitrary points
x=aandx=bonit

S

N

f(a)

fb) -fla) PO
b-a  OR

= tan O

Fig - 31

We see that no matter what the curve between R and P is like, as long as it is continuous and
differentiable, there will exista c e (a, b) such that the tangent drawn at x = ¢ will have a slope equal
totan g i.e, the average slope fromx=atox=h.

For arigorous proof of LMVT, consider the function
f(b)-f(a)
X)=f(X)-| ——= |x

o()= - 15
\erify that g(x) satisfies all the three criteria of Rolle’s theorem on [a, b] so that

g'(c)=0 foratleastone ce (a,b)

f(b)-f(a
or f '(c):% for at least one ce (a,b)

Notice that LMVT is an extension of the Rolle’s theorem. In fact, for f (a) = f (b), LMVT reduces to
the Rolle’s theorem.

Example — 31

Apply Rolle’s theorem on the following functions in the indicated intervals:
@ f(x)=sinx,xe[0,2z] (b) f(x)=x*-x, xe[-11]
Solution: (a) Weknowthat f (x)=sinx iseverywhere continuous and differentiable. Also,
f(0)=f(27)=0

= From Rolle’s theorem: there exists at least one ¢ € (0, 27) suchthat f'(c) =0.
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In fact, from the graph we see that two such c’s exist

S
wla+
<

N

<
Fig - 32
() f(x)= x* — x being a polynomial function is everywhere continuous and differentiable. Also,
f(-1)=f (1)=0.
= From Rolle’s theorem, these exists at least one ¢ such that f'(c) =0.
Again, we see that there are two such c’s given by f'(c)=0
=3¢’ -1=0
1
=C=t—
3
Y
A y :xj-x
A
VA 5 >
-l 0 i 1
s ;
Fig - 33 <
Example — 32
xsinl x>0 1
Prove that the derivative of f (x) = X vanishes at an infinite number of points in ( 0, _)
0, x=0 T
Solution: The roots of f(x) are given by
E =Nnmw ;ne’Z
X
1 .
=>X=— ; Ne’Z .. (i)

nm
f(x) is continuous and differentiable for all x> 0.

By Rolle’s theorem, between any two successive zeroes of f(x) will lie a zero f'(x). Since f (x) has

1
infinite zeroes in [0,;] given by (i), f'(x) will also have an infinite number of zeroes. <
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2

If the function f :[0,4] — R is differentiable, then show that ( f (4))2—(f (0)) =8f'(a) f (b) for some
a,be [0,4].
Solution:  Applying LMVT onf (x) in the given interval:

There exists a€ (0,4) suchthat

f(4)-f(0
(a)= 1 D=1
4-0
= f(4)—-f(0)=4f"(a) forsome ac (0,4) (i)
Also, since f (x) is continuous and differentiable, the mean of f (0) and f (4) must be attained by f (x)

at some value of x in [0, 4] (This obvious theorem is sometimes referred to as the intermediate value
theorem).

That s, there exists b e [0, 4] such that
f(4)+f(0
f ()= 1 ()
2
= f (4)+ f (0)=2f (b) forsome be [0,4] .. (i)
Multiplying (i) and (ii), we get the desired result. |

Example — 34

Using LMVT, provethat e* >1+x for xe R.
Solution: Consider f (x)=e*-x-1
= f'(x)=e"-1
Now we apply LMVT on f (x) for the interval [0, X], assuming x>0
There exists c e [0, x] such that
f(x)-f(0
(0= (0=10)
x—0
(e*—x-1)-(0)

X

_ef—x-1
X

Since f'(x) isstrictly increasing,
f'(0)< f'(c)< f'(x)
e’ -x-1_ .

=0< <e*-1
X

=e*>x+1 ;x>0
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Similarly, for x< 0, we apply LMVT on [x, 0] to get:

e 1< & X1 g
X
=e">2x+1;x<0
We see that * > x+1 for xe R |
© ERRORS AND APPROXIMATIONS
We can use differentials to calculate small changes in the dependent variable of a function corresponding
to small changes in the independent variable. The theory behind it is quite simple: From the chapteron
differentiation, we know that
lim &Y - _ "(x)
Mo0AX  dX
For small Ax, we can therefore approximate Ayas f '(x)Ax. Thisis all there is to it!
Suppose we have to calculate (4.016)>.
Welet y=x*- x,=4 and y, =16
y'=2x, Ax=0.016
= Ay = f'(x)-Ax
= 2x|_,x0.016
=8x0.016
=0.128
=Yy=Y,+Ay=16.128
Example — 35

4/3

Find the value of (8.01)" +(8.01)’

Solution:

Let y=f (x)=x""+x°
Let x, =8 so that y, =16+64 =280

Ax=0.01
= Ay = f '(x)X X0><Ax
( x +2x] X AX
:[—+16)x0.01
3
_056
-3
=0.1867
= Yo =Y, t Ay
=80.1867
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TRY YOURSELF - IV

Q1L

Q2.
Q3.

Q4.

Show that the square roots of two successive natural numbers greater than N 2 differ by less than

If 2a+3b+6¢ =0, prove that the equation ax” +bx+c =0 has at least one real root in (0, 1).

Prove that

b;ba<|n9<ﬂ, where 0<a<b
a

a

Prove that
tan™ x, —tan™ x < X, — X, where x, > x,

R e S i S i S b S i

2N
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Section -5 GRAPHS - lI

In the unit on functions, we discussed graphs in great detail but most of the discussion was based on obtaining the
given graph by some transformation of one of the standard functions that we encountered previously in the same

3

2 1
chapter. Asanexample, f (x)=x*+x+1 =(x +%) +Z was plotted by shifting the y = x? parabola left by >

unitsand up by " units.

Our purpose in this section is to discuss more advanced graphs by analyzing their nature using the knowledge of
derivatives that we now possess.

Example — 36

Draw the graphs of the following functions:

Solution:

X

@ f(X):l+X2 (b) f(x)=x+cosx
(C) f(X):)(?’_6X2 +11x—-6 (d) f(X)ZInTX

L x> —x+1
ORI e v 0 1=

Inall the questions above, we will evaluate the limits of the functions at various important pointswithin
their respective domains which will give us a good idea of the overall behaviour of the particular
function being analysed.

(@) f(x)=—

1+ %
lim f(x)=0; f(0)=0

X—>too

Also, notice that f(x) is an odd function.

2 ny2 2
Now, f'(x):l+x 2X _ 1-x

(1+x2 )2 (1+ x2)2

ThisisOwhen 1-x*=0 or x==1.
f'(x)>0 for xe (-1 1) and
f'(x)<0 for xe (—eo,—1)U(L,0)

= f (x) increases on (-1, 1) and decreases on (—ee,—1) (1, )
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. . - -1
— x = —1 isapoint of local minimum; f (=1) =

. . ) 1
x =1 isapoint of local maximum; f (1)= >

{This can also be validated by evaluating the sign of f "(x). Verify thatf"(-1) >0and f" (1) <0}
This information is sufficient to accurately plot the graph

r 3

—

Fig - 34

(b) f(x) =x + cos x
f(0)=L limf(x)=co; lim f(Xx)=—co.
Now, f'(x)=1-sinx
Noticethat f'(x)20 V xe R

= f (x) isalways increasing; since f'(x) also become 0, it might appear that f(x) is not strictly

increasing. However, notice that the set of points where f'(x) becomes 0 will be countable so,
according to the reason stated earlier f(x) will be strictly increasing. We now proceed to evaluate

the set of points where f'(x) =0
At x=2n7r+%(wherene Z), sinx=1
= f'(x)=0 for xe {2nn+%}ne Z
f"(x)=-cosx

=0 for xe {2nn+%}ne 7

= The set of points {Znn + %} ne Z are points of inflexion for f (x). (This should be easy to

understand since f'(x) is always non-negative i.e, it does not change sign at these points so that
f "(x) can neither be positive or negative; in other words these points can neither be local maxima

nor local minimum; they are inflexion points)
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This should be clear from the graph:

A
St
5 01—
271
3n
2
b
n-14
Tl
2 " e
1 -
-2n 3n - - 0 k3 n 3n om st
2 2 2 2 2
5 o
2 (i) The points marked with a square are points
of inflexion. f'(x) = f"(x) = 0 at these points.
-3n -m n  3n
-TT . . - )
(ii) In the intervals (—2 3 >or (2 2)
etc, the graph is concave upwards,
ol i the intervals [T T <3n 5_ﬂ>
-%c (iii) In the intervals 377 or 5> 5
etc, the graph is concave downwards, 4
(iv) The graph is increasing on R; f(x) has one
root in (i )
20
Fig - 35

© f(x)=x>-6x*+11x-6

X—>—00

lim f (X)=+4eo; lim f (x)=—co; f (0)=—6
Also, f(x) can be factorized as

f ()= (x-1)(x-2)(x-3)
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so that f(x) has three roots, namely
x=12, 3.

Now, f'(x)=3x*-12x+11
ThisisOwhen 3x2 —12x+11=0

L 12144132
6

124412

6

1
24—
3

Also, f'(x)<0 forany xbetweentherootsand f '(x)>0 forany x not between the roots.

= X=2 NG is a local maximum forf (x) and x = 2+% is a local minimum for f(x).
3

For more accuracy in graph plotting, f (2 + %] can also be numerically evaluated.

3
Based on all this information, the graph has been plotted below.

Y

A

/N % .
! 2',% ZWS
I Fig - 36
nx
(d) f(X)ZT

Thisisdefined only if x> 0.
lim f(x)=0 (by the L.H rule)

X—>+o0

lim f (x)=—eo

x—0
f(x)=0forx=1.

1-Inx

XZ

Now, f '(x):

ThisisOwhen Inx =1
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= Xx=e
f'(x)<0 for xe (e,eo) and

f'(x)>0 for xe (0,e)

= f (X) increases on (0, €), attains a maximum value at x = e, and then decreases on (e, ).
1

f(e)==

e

>
»

[~

» X

e k
There is some x = k at which the
concavity of the graph changes.
You are urged to find that point
by evaluating the sign of f"'(x) for
different values in (0, ©)

Fig - 37 «

1 1
) f(x)= X—3x+2 (x=1)(x-2)

The domain for f(x) is R\{1,2}.
Keeping in mind that (x—1)(x—2)> 0for xe (—ee,1) (2,50 )and

(x—=1)(x—2)<0forxe (1,2), observe the following assertions carefully:

pr0g=s= i fo)=—=
9= fip =t

Therefore, nearx=21and x =2, f(x) will have an unbounded increase in magnitude. (We will
soon see that the linesx =1 and x =2 would be called asymptotes to the given curve.)

Also, lim f(x)=0; f(o):%
— 2 _

Now, f'(x):M

(x* —3x+2)

Thisis O when x :g
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and

(f) F(x)=

£1(x)>0 Vxe (—oo,g)\{l}

£'(x)<0 Vxe (g,m)\{z}

= In (—eo,1), f (x) increases from 00 .
3 3
In (LE} f (X) increases from —to f (E)
3 . . ) 3
At x=2, f (x) attains alocal maximum given by f ) =—4

In (g 2), f (x) decreases from —4 t0 —oo,

In (2,00), f (x) decreases from «t00.

] 3/

Fig - 38

xz—x+1_l 2x

X2+ x+1 X2+ x+1

lim f (x)=1 ; f(0)=1

X—>oo
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2(x2 + x+1)—2x(2x +1)

Now Fx)=- (x2+x+l)2

oxt—2  2(x*-1)
x4 x+1 X2 +x+1

= f'(x):O for x=41

f'(x)<0 forxe (-11)
f'(x)>0 forxe (—eo,—1)U(L e0)
= f(X) increases on (—eo,—1), attains a local maximum atx =—1 (equal to f (-1) = 3),

1
decreases on (—1, 1), attains a local minimum onx =1 (equal tof(1)= §] and then

again increases on (1<) (tendingto 1as x — co)

13 \

v
=

Fig - 39 «

ASYMPTOTES

Astraight line is called an asymptote to the curvey =f (x) if , in layman’s term, the curve touches the line at infinity
(this is not technically correct; we should say that the curve tends to touch the line as infinity is approached or as

X —>o0)

More accurately, an asymptote to a curve is a line such that the distance from a variable point M onthe curve to
the straight line approaches zero as the point M recedes to infinity along some branch of the curve.

) . . . X
Referring to the previous example, we see thaty = 0 is a horizontal asymptote to  (x)= Tor’ x=1and

__r andy = 1isahorizontal asymptoteto f (x)= .

x> —3x+2 X*+x+1
Of course, there can be inclined asymptotes also. We now formally distinguish between the three kinds of asymptotes
and outline the approach to determine them.

- X* —x+1
x = 2 are vertical asymptotes to f (x)=— 2 AT
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(a) Horizontal asymptotes

(b) Vertical asymptotes

(¢) Inclined asymptotes

X—>teo

- If LHL or RHL (or both) at x = a are infinity for f (x), then

X =a isa vertical asymptote to f (x).

I Iim@:aiand lﬁﬂ(f (x)-ax)=b,

X—>o0

theny = a x + b, isaninclined right asymptote to f (x).
f(x .
Similarly, if lim L= a, and lim (f (x)—azx):bz,
X——c0 X X—>—o0

then y = a,x+b, isaninclined left asymptote to f(x).

This discussion will become more clear with an example.

1
Let f(x)= x+;

Now, lim f (x)=co and lim f (x)=—c0

x—0"

x—0"

= x =0 isavertical asymptoteto f (x).

lim

X—>e0

X

le; lim m:l

X—>—o0

lim (f (x)-x)=0. (.a=1b=0)

X—>teo

= Yy =X isan inclined asymptote to f(x).
The graph is sketched below. The extremum pointsare x = +1:

y

A

Fig - 40

Sf lim f (x): k theny =k is a horizontal asymptote to f (x).

Maths / Applications of Derivatives




65 |

Before closing this section with a few more examples, have are a few general steps™ to be followed
whenever one is encountered with the task of sketching the graph of an arbitrary functionf (x):

(1) Find the domain of the given function.

(i1) Determine more of its characteristics; for example, is the function even or odd or neither? Is it
periodic? If yes, what is the period? And so on.

(i1i) Test the function for continuity and differentiability.

(iv) Find the asymptotes of the graph, if any.

(v) Find the extremum/ inflexion points and the intervals of monotonicity.

(vi) To improve accuracy of the plot, one can always evaluate f (x) at additional points.

This isavery general sequence and mostly the graph would be able to be plotted without necessarily
following all the steps. For all our current purposes, these steps are more than sufficient.

Example — 37

Plot the graph of f (x)=xe"”*

Solution: As far as possible, we will try to stick to the general sequence mentioned above for analysing any
given function.

* The domain of f (x)isR\{0}.

* Also, f (x) iscontinuous and differentiable on R \{0}.

* Now, Iim(f (X))=°°- Hence, x = 0 is a vertical asymptote to f (x).
x—0"
lim (f (x))=0.
1
Iim[f(X)J: |im[ex _1
X—>Foo X X—>Foo
1
Also, lim (f (x)=x)= lim x| e’ _1}
. e'-1 1
=lim wherey =—
=0y X
=1

= y=x+ lisaninclined asymptote to f(x).

* Quoted from I.A. Maron: Problems in Calculus
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f'(x)=0 for x=1; alocal minimum point; f(1) =e

>
»

y=x+1

Fig - 41

Example — 38

Sketch the graph of f (x)=x®-3x"+3x* -5,

Solution: * Thedomainisobviously R
* f(x) isaneven function
*  Since f(x) is a polynomial function, it is continuous and differentiableon R .
* Itisobvious that there are no asymptotes to f(x)

f'(x)=6x°"—12x +6x

*

= 6x(x4 —2x? +1)

:6x(x2—l)2
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f'(x)=0 for x=0,+1
f(x)=6(x’ —1)2 +24%* (X* 1)
=(x? —1){6(x2 —1)+24x2}
=(x*-1)(30x*-6) .. (i)
=6(5x" —6x” +1)
f"(0)=6, f"(£1)=0
— x = 0 isapoint of local minimum and X = %1 are points of inflexion (verify that f'(x) does not

change signas x crosses £ 1).
Now, f'(x)>0if x>0and f'(x)<0 if x<0.Therefore, f(x) decreaseson (—ee,0)

and increases on (0—eco)
There is one more important fact we must take into account. f "(x) has roots +1 and

1
-y i_ -
additionally, 5 (from (i)).
Therefore, at these four points the convexity of the graph changes:
mn _1 1 -
= f"(x)>0 Vxe (—°°1—1)U(£,£) U(L ) sothat f (X) isconcave upwards
in these intervals
= f"(x)<0 V xe e ] so that f(x) is concave downwards in these
NG

intervals.
* f(0)=-5,f(x1)=-4, f(£2)=23
Therefore one root each of f(x) lies in (-2, -1) and (1, 2)

This information is sufficient to accurately draw the graph of the given function.

A
=L e
1 {5 AR R
x=-1,1are
points of
W] inflexion
\{ Fig - 42
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Example — 39

Plot the graph of f (x)= %sin 2X +COS X.

Solution: * The domain of f(x)is R .

* f (x) is periodic with period 25 and therefore we need to analyze it only in [0, 2]

* f (x) is continuous and differentiable on &
* There are no asymptotes to f(x)
* f'(x)=cos2x—sinx
=1-2sin’ x—sin x
= (1+sinx)(1-2sinx)
Thisis0in [0,27] when

66 2

f"(x)=-2sin2x—cos x

Now, £{ % )<o, (2% |s0and £ 3% |=0
6 6 2

= x:% isa local maximum for f (x); f(

7w 5t 3¢

o|a

x=% local minimum for f (X); f L W
5 isalocal minimum for 1% 2

3n ) ) ) 3
x == isapoint of inflexion; f - =0.

We now need to analyze to signof f"(x).
f"(x)=-2sin2x—cos x
= —45sin X COS X — COS X

=—cos x(1+4sinx)
Thisis0in [0, 2] when

/4 . 4,1 3m .41
X=—,m+sInN""—=,—,2x —-sSIin" —
2 4 2 4

M
N
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We see that f(x) will change its convexity at four different points.
= f"(x)>0 Vxe z,yr+sin‘1£ U 3—ﬂ,2n—sin‘1£
2 4 2 4
so that f(x) is concave upwards in these intervals
= f"(x)<0 Vxe(o,zju n +sin™ 153_71 Ul 2 —sin™ 1,275
2 4’ 2 4

so that f(x) is concave downwards in these intervals.

x f(0)=1,f(%)=0, f(2m)=1.

The graph has been plotted below for [0, 27]

y
A
1 (\ 'j
O B W R s
6 2 2 >
-1 At the points marked
with squares, the convexity of
the graph changes
Fig - 43
Example — 40
Plot the graph of y = x+In(x* -1).
Solution: * The Domainisgivenby
x*-1>0
—D=R\[-1, 1]

*  f (x) iscontinuous and differentiable on D
* limy=—co; [im y=—co
x—1* x—-1"
= X = %1 are vertical asymptotes to the curve.
\ferify that the graph has no other asymptotes
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L
2X
* =1+
y x* -1
y'=0 when x2 +2x-1=0

= x=-1+2
x=—1++/2 doesnotbelongto D;

X =—1—+/2 isanextremum point
2(x?+1)
(1)

= The curve is always concave downwards so that x = —1—+/2 isa point of local maximum.

<0 VX

* |limy=c ; limy=-c
X—>—o0

X—>+oo

Based on this data, the graph can be plotted as shown below:

y

A

12

Fig - 44
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TRY YOURSELF -V

Q1. Drawthe following graphs

(@) y=x2+%
0 y=
©) y=%
@ y=or
(€) y=x%e"
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SOLVED EXAMPLES

Example — 1

If g(x)=f(x)+ f (1—x)and f"(x)<O0forallxe [0,1], provethat g(x) is increasing in [0, ¥2) and decreasing
in (%, 1].

Solution:  Our requirement is to somehow show that g '(x) >0 Vxe [0,%) and g'(x) <0Vxe (Y2,1].
From the given functional relation between f(x) and g(x):

g'(x)=f"(x)-f'(1-x)
Therefore, we must show that:
f'(x)>f'(1-x) Vxe[0,%) .. (i)

and f'(x)<f'(1-x) Vxe (1] ... (i)
Since f"(x)<0 Vxe[0,1], f'(x)isdecreasingon [0, 1]. This means that if we take anyx value in

[0,%2), (1-x) will be greater than x so that f '(1—x) will be less than f '(x). In other words, (i) is
satisfied by virtue of the fact that f'(x) is decreasing.

On similar lines, when we assume any x value in (*2, 1], we will see that (ii) is also satisfied for the
same reason (that f'(x) is decreasing).

= g(x) satisfies the stated assertion <

Example — 2

Let f (x)= M . Prove that f(x) is decreasing on [0, o)
In(e+x)
In(e+x) In(m+x)
Solution:  f'(x)= T+ X e+ X

(In(e+x))2
(e+x)In(e+x)—(m+x)In(w+x)
(e+x)(m+x)(In(e+ x))2

g(x)

h(x) {This substitution was done for convenience}
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To determine the sign of f '(x)in [0, o), we first note that h(x) >0 V x & [0,), so that we need
to only worry about the sign of g(x). The form of g(x) suggests that we can construct a new function

G (x) = xIn x to determine the sign of g(x) as follows:
G(x)=xInx

= G'(x)=1+Inx

=G'(x)>0 VXG(%,OO)

and G'(x)<0 Vxe (Ol)
e
o ) 1
= G(x) is increasing on (g,oo)

) 1
= XIn x increaseson (—,oo)
e

since(m +x)> (e+x)
= (r+x)In(m+x)>(e+x)In(e+x) Vxe[0,) Lee o
>E XE[ ,°°)

= g(x)<0 Vxe[0,)
= f'(x)<0 Vxe[0,e0)

= f (x)is decreasing on[0, ) |
Example — 3
_X3 +M 0<x<1
Let f(x)= b2+3p+2 = Find all possible real values of b such that f(x) has the smallest

2X—3, 1<x<3

value atx = 1.

Solution: Noticethat f (1)=—1 (from the lower definition f(x))
Also, f(x) is monotonically decreasing on [0, 1) and monotonically increasing on [1, 3).
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Therefore, all we require for f(x) to have its minimum atx = 1 is:
lim f (x)> f (1) {i.e., the minimum of the left side function must not be less than (1)}

3 2
b”—b +b_12—1
b?+3b+2
3 2
b*—b +b—120
b*+3b+2
_ 2
(b—1)(b +1)2
(b+1)(b+2)
Upon solving, this yields:
be (—2,-1) U[1, )

= -1+

0

Example — 4

Using the relation 2(1—cos x) < x*,x # 0 or otherwise, prove that sin(tanx) > x forall xe [0%]

Solution: Notice that 'sin (tan x)" and 'x' have equal values at x = 0. If we consider the function

f (x)=sin(tanx)—x
and try to show that it is increasing, we would obtain
f(x)>f(0)
or sin(tanx)—-x=0
Hence, our task could be accomplished by showing that f(x) is increasing.
f'(x)=cos(tan x)sec® x—1
= cos (tan x)(1+tan’ x) -1

= tan® x cos(tan x)— (1- cos(tan x))

2
> tan” x cos (tan x)_tanTx (using the given inequality )
=%tan2 x(2cos(tanx)-1)
1. 2
==t 2 t -1)+1
- tan x{2(cos (tanx)-1)+1}

1
> 2 tan® x (1— tan® X) (Again using the given inequality)
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For xe [0%] tan x e [0,1] so that (1—tan2 x) >0
= f'(x) >%tan2 X(1—tan® x)>0
= f'(x)>0
= f (x) isincreasing on [0%]

=sin(tanx)>x Vxe [0%] <

Example - 5

Show that cos(sinx)>sin(cosx) Vx e (0%)
Solution: The approach we have followed in the previous questions could be applied here to prove that
f (x)=cos(sin x)—sin(cos x) is increasing. However, f '(x) becomes complicated and proving
that it is positive is not straightforward like in the previous cases (you are urged to try this out).
Instead of considering the expressionscos(sinx) and sin(cosx), we can consider

sin (E—S'” X J and sin(cosx). This is because ‘sin’ is a monotonically increasing function in

T
(0, g ) so that to determine the larger of the two values above, we just need to compare their

4 .
arguments, i.e, [E_Sm X) and cos x

T
For (0, E)

because the maximum value of LHS is x/E whilethe RHS =1.57

. T
SIN X+ COS X <E

T i T
= COSX<— — sinXx vxel0ZX
2 2
:>sin(cosx)<sin(%—sinx] Vxe 0,%
= sin(cosx) < cos(sin X) Vxe 0,% <
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Example — 6

Find the values of a for which the function f (x) =sin X —asin 2x —lsin 3x+2ax increases on R .

Solution: We want f (x) >0Vxe R.
f '(x)=cosx—2acos 2x—cos3x +2a
= cosx—2a(20032 x—l)—(4cos3 X —3C0S x)+ 2a
=4a+4cosx—4acos’ x—4cos® x
=4asin® x+4cos xsin’ x
=4sin” x(a+cosx)

This is always non-negative if g >1 (since the minimum value of cos x is—1).
Therefore, the required values of a are:

ae[L) >

Example — 7

Determine the points of maximaand minima of the functionf(x) = % In x—bx+ x?, x>0 Wherep > isaconstant.

Solution: We need to evaluate the sign of f *(x) in different intervals of x:
1
f'(x)=—-b+2x
(x)=25,

_16x*-8bx+1 _ g(x)
8X 8x
The denominator of f '(x) isalways positive since x > 0. Hence, the signof f '(x) will depend on
the sign of the numerator g(x) in various intervals, which will in turn depend onb.

g(x)=16x>—8bx+1 (i)
Dofg (x) =64b’>-64
= 64 (b2— 1)

=D<0
=9g(x)>0V xe R

= f'(x)>0V xe R

= f (x) isstrictly increasing Vxe R
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b=1 = g(x)=16x*-8x+1 (from (1))

= (4x-1)°

:>f'(x):(4)(8—;1)20

= f'(x)=0 for x:%

= f "(X)‘X:% =0and f "'(X)‘X:% =16#0 (verify)

1
= X= 2 is point of inflexion

= f (x) has no local maxima or minima

b>1 = D>0

2 —_—
= g(x)(and f '(x)) has roots Lfl

b—+/b* -1 b++/b* -
T or X>T

= f'(x)>0if x<

b—+b*-1 <b+\/b2—l

2_
and f'(x)<0 TR L
4 4

['(x)>0 ['()<0 /'(x)>0

v

|
1 I
b-\b*-1 b+~b* -1

4 4

= f'(x) changes sign from +ve to -ve in the neighbourhood of x =

b++/b* -1
4

from —ve to +ve in the neighbourhood of x =

(Db’ -1
4

X:b+\/b2 -1
4

is alocal maximum for f(x) and

is a local minimum for f(x)

b—+/b?-1

and
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For what values of the parameter a does the function f (x)=x°+3(a—7)x* +3(a* —9)x -1 have a positive
point of maximum?

Solution:  f'(x)=3x*+6(a—7)x+3(a*-9)
For f(x) tohave a maximum at some point,
f'(x)=0and f "(x)<0 forthat point
Now, f'(x)=0
= 3x"+6(a=7)x+3(a’-9)=0

= x*+2(a-7)x+(a’-9)=0

= x=—(a-7)t+58-14a .. (i)
For f'(x) to have real roots,
58 -14a>0
na® i
7 (1))

Now we determine which of the roots of f *(x) in (i) will give a local maximum and which will give a
local minimum.
f"(x)=6x+6(a—7)
=6(x+a-7)
At x, =—(a-7)++/58-14a = f"(x)=6v58-14a >0
At x, =—(a—7)—+58-14a = f"(x)=-64/58-14a <0

Therefore, x =X, is a point of local maximum. Since we want this to be positive.
—(a-7)—+/58-14a >0
=7-a>+/58-14a
Upon squaring, we get
a®-9>0
=a<-3o0ra>3 (1)
From (ii) and (iii),

a<-3 or 3<a<§ <
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Example — 9

2 2
Prove that the minimum intercept made by the axes on any tangent to the ellipse X—z + y_2 =1is(a+b). Also, find
a~ b

the ratio in which the point of contact divides the intercept.
Solution: We can assume a variable point on the ellipse as P (acos8,bsin8). We will first write down the

equation of the tangent to the ellipse at this point and then find the length of the intercept of tangent
between the axes in terms of @. The length can then be minimized with respectto 9.

y
;

5
-
K
4 /
K
/
/
/

4
N
A \
(a cos 0, b sin 6)//
P
" : x
!/ B\

Fig - 45

Differentiating the equation of the ellipse, we get:

%+ﬂd_y:0
a’ b® dx
2
Wy __xb
dx y a’
:ﬂ =_—bcot9

dx (acosB,bsing) a

. -b
Equation of tangent: ~ y—bsin® =?cot9(x—acose)

= bxcos@ +aysing =ab

x—intercept: Puty=0
= X=asecq
y-intercept: Putx=0

= y=Dbcoseco
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Length of tangent
intercepted by the axes: 1> =a”sec’ 0 +b” cosec? 9

o d(?) d?(1°)
For minimum I, ——~% =0 and >0
do do?

d(|2) 2 2 2 2
W=2a sec” 6 tan @ — 2b“Cosec” g cot
Thisis 0 when:

2a’sec? @ tan O = 2b?cosec?g cot @

2
= tan“6 = b—z
a

atanezi\ﬁ
a

Verify that —dz (|2)
de’

d*(1?)

2

>0 (In fact,

For minimum intercept: 12 =a’sec® 6 +hb?cosec?g

is always positive)

a

={a2 (1+ tan? 0)+ b? (1+ cot? 9)}

a

=a?+b*+2ab
=(a+b)?
=, =(a+b)

Referring to Fig - 45 for minimum intercept:
PQ? =(acos® —asech)’ +(bsing)’
iad
=a’ sze +b*sin’0
cos” 6
=sin’0(a’tan’ 6 +b°)

=L(a2x9+b2) ( tan @ =i\ﬁ}
a+b a a

=Db?

= PQ=b
— PR=a (sinceQR=a+h)
_PQ_b
PR a
The minimum length intercept is divided in the ratio b : a at the point of contact.
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Thecircle x* + y* =1 cutsthe x-axis at P and Q. Another circle with centre at Q and variable radius intersects the
firstcircle at R above the x-axis and the line segment PQ at S. Find the maximum area of AQSR.

Solution: The situation described in the question has been translated into the diagram below; observe it carefully:

7 N

Fig - 46
The variable here is the radius of the circle centred at Q; let it be r. We need to express the area A of
AQSR. interms of r. Observe AQSR carefully in the diagram. QR and QS are known (both are

equal to r). We need to find RX (the height) in terms of R. We can do this by finding the co-ordinates
of R:

X +y?=1
(x=1) +y?=r? {circle centred at Q}
Solving these two equations, the co-ordinates of R turn out to be:

1_r_z,r 4-r°
2 2

rva—r?
2

Therefore,

RX =

= A=%XQSXRX

:ZrZ\M—r2
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For maximum area,

4-r
_8r-3r’
4J4—r?
ThisisOwhen
8r—3r’=0
8
=r=,|—
3
2
Verify that A g
dr? B
3
8 . )
Therefore, Max =\/% is a local maximum for A.

A =%r2\/4— r’

M =Fmax

_ 43
_9 4

Example — 11

. . o oxEy? . _ .
Pisapointontheellipse —+ y_2 =1 whose centre is O and N is the foot of the perpendicular from O upon
a~ b

the tangent at P. Find the maximum area of AOPN.

Solution: Let P have the co-ordinates (acos@, bsin6)

dy -b
—| =—cot0O -
ax|, a (referto Ex-9)
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Equation of tangent: bxcos6 +aysinf =ab (Ex—9again)

Fig - 47

The distance of this tangent from the origin O is:

B ab

~ Jasin?6 +b? cos? 0

To evaluate the area A of AOPN, we need PN apart from ON:
PN? =OP? -ON?

ON

a’b?
a?sin®0+b?cos’ 6
(a4 +b“)sin2 0 cos’ 0 +a’h? (sin4 0 +cos” 0)—a2b2

a?sin’0+b?cos’ 6

=(a’ cos® 6 +b*sin’ 6) -

(a“ +b* —2a2b2)sin2 6 cos? 0

a?sin® 0 +b*cos’ 6
(a2 —bz)sinecose

= PN=
Ja2sin2@ +b?cos? 6

= A=%XPN xON

B ab(a’—b?)sin 6 cos6

2(azsin29+b200529)

B ab(a’-b?) _
_2(a2 tan e +b’ cot 6 - (1)

For Ato be maximum, the denominator in (i) should be minimum i.e. we can minize:
D(6)=a’tan6 +b’ cot6
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For D(0) to be minimum:

d(D(©) _,  ¢'(D(0))

=0and ———22>0
de BT
d(D(6
:M:azsecze—bz cosec’9 =0
de
:}'[an@=iE
a

2
werifythat 9 (PO
d6°

tn6o=2
a

= D(6) hasalocal minimumat tan 6 =

o | T

= D, (8)=a’tan6 +b’ cote‘mezg =2ab

_ab(at-b®) g2_p?
= A= Ty

min

Example — 12

Let f (x)=sin®x+Asin®x for % <X <%. Find the interval inwhich 2 should lie in order that f (x) has
exactly one minimum and one maximum.

Solution: We have to equivalently find those values of A forwhich f '(x) hastwo roots; f"(x) should be
positive for one root and negative for the other.

f*(x)=3sin® xcos x+ 24 sin x cos x

=sin 2x(i+gsin x)

(SN

For xe (% J f'(x)is 0 when:

x=0, sin”* (ﬂ)
3

Note thatif 1 =0, sin™ (%): 0 so that the two roots of f *(x) will no longer remain distinct
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and f (x) will not have two extremum points as required. Hence, A should not be 0.

For sin™! (_ZTTC] to be defined:

—1<ﬂ<1
3

_—3<l<§
2 2

Therefore, A€ =3 : 3 \{o}
2 2
To verify that f () will satisfy the required condition for these values of 4, letus evaluate f *(x):

f"(x) =3 cosxsin 2x +(3sin x+24)cos 2x
2

= £"(0)=21 and f"(sin‘l(%)):gcosxsinh

sin’l[ﬂ)
3

The second term in f "
becomes 0 at this poin

Now, if Ae (‘3,0)

2
= £"(0)<0
o2 This is because forAd e (ﬁo)ﬂe (0,1)
and f "(Sinl (T]J> 0 2 3
sothatsin™ (ﬂje (O,EJ
3 2

Onthe other hand, if A e (0, %)
= £"(0)>0

As above, this is because for A e (0, 32

(22
and fr S|nl(—))<0 3 3 .
( 8 %;te (-1,0)so0 thatsinl(%]e (—r'

Z

We see that for the specified values of A, either of 0 or sin™ (%] isa local maximum and the other

isalocal minimum
The required values of ) are therefore:

ze(‘??’, g)\{O} <

Maths / Applications of Derivatives




86

Example — 13

The lower corner of a page in abook is folded over so as to reach the inner edge of the page. Find the fraction
of the width folded over so that the area of the folded part is minimum.

Solution: The crucial part of this question is how to analytically express the area of the folded part from the
geometry of the folded page that we have drawn below:

B N
‘\‘ ............ The width of the page has
N T been assumed to be d units.
.......... c Observe carefully how the
! angles were written in terms
of £ BAD =0
N x/ 4
NUFA
A TAVAYS
D y E
—— i ——pe—dr—»
< d >
. Fig - 48
From the figure, &
In ACAE:
d-x _d
cos(m—20)= =—-1
X
d ‘2
= —=1+c0s(7 —20)=1-c0s260 = 2sin” 6
X

= X= % cosec?Q
Also, in ABAD:

BD =xtanf = %tan 0 cosec’6
Now, the area of the folded partAis:

A=area(ABAC)=area(ABAD)

:%XADX BD

2
-y cosec* tan@

d 2
= 5 cosec®@ secO
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.. dA
For, minimum area, —
dé

dA

do

d2A

402 >0

=0and

d 2
= Y {cosec®6 secOtanO —3cosec*OcotHseco}

2
= % cosec*gsecq (tang—3cotg)

ThisisOwhen tan@ =3cot9
= tan?0 =3
= tan@ = \/5

:9:%

2

(the physically possible case)

>0

O=m/3

) d
Verify that 167

=0= % isa point of local minimum for A

d 4 2d
= Xnin = COSec? = —X—=—
2 0= 5733
— Fraction of the width folded over for minimum area is
X . 2
f —Zmin _=
min d 3 <

Example — 14

For the circle x* + y? =r?, find the value of r for which the area a enclosed by the tangents drawn from the point
P(6, 8) to the circle and the chord of contact is maximum.

Solution:  From the figure drawn corresponding to the situation described in the question, observe that there will
be a particular value of r for which the required area is maximum, this is because as r — 0 or as

r —10 (the distance of P from the origin), the required area — 0. Hence, for some value of r
between 0 and 10, the area will attain its maximum value.

Fig - 49

Maths / Applications of Derivatives




88 |

We need to express area of APQR in terms of some variable. As shown in the figure, assume

AOPQ =6. Therefore. ZOQR = 2Z0PQ =6. From the geometry of the figure, observe how the
area is obtained in the following manner
OP =10
OT = 0Qsing =rsin g
= PT = (10-rsin g)

QT =rcos @
= RQ = 2rcos @
Also, in AOPQ,

OQ=r=10sin g
The required area of APQR,

AZ%XRQXPT

:%ercosOx(lO—rsine)

= 10sin @ cost9><(10—103in2 0)

=100sin6cos’ O
We have been able to express the area A in terms of g.

2
For maximum area, %: 0 and d"A
do do?
dA

i 100{—30032 0sin? 6 +cos’ 0}

<0

=100co0s’ 6 {cos2 6 —3sin’ 9}

ThisisOwhen ¢cos?29 —3sin20 =0

:>tan2¢9=l
3
1

= tanf =—
V3

0=

2
Verify that d ’j <0

0=r/6

— 0 = 7t /6 iIsapoint of local maximum for A.

= I, =10sin6,

=10sinz /6
=5 4
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Example — 15

c? : : 2.
Show that the normal to xy =c¢* at A(tl,?) meets the curve again at the point B (tz ,(t:—]lf ti, = —c*

2

Solution: What we are required to do here is write the equation of the normal to the curve atA, find the other

intersection point B of this normal with the curve, and show that the co-ordinates of A and B satisfy the
given condition.

Differentiating the equation of the given curve, we get

dy
X—+y=0
dx y

LWy

dx X

Ly
dx

SE

Equation of normal at A:

CZ

t12
——=—(X-
VT (x-t,)
Since this normal meets the curve again at B, the assumed co-ordinates of B must satisfy the equation
of thisnormal.

CZ C2 t12
t__?:?(tz -t,)
2
—t 2
=’ (t-t) = tg (t,-t,)
u, ¢
=tt,=-c’ <
Example — 16
2 2
Find the condition that the line xcos o + ysina = p may touch the curve §+b—2 =1

Solution: The approach we can follow for our purpose here is to first write down the equation of a general
tangent to the ellipse at a general variable point (a cos6,bsin @) and then make the equation of this

tangent identical to the equation of the given line. We can then eliminate g to get some conditionon p
and o .
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We wrote the equation of the required general tangent on an ellipse in example 9.

bxcosO +aysinf =ab
Thisisidentical to xcosa + ysina = p forsome g . Therefore:

bcos® _asing _ab
cosa sina p

acoso . bsina
= C0S0 = and sin@ =
p p
2 2 2 ain2
. a‘cos“a b7sin“o
= 0?0 +sin?0 = + =1

p* p*
Therefore, the required condition is:
a’ cos® o +b*sin® o = p°

Example — 17

If f'(sinx)<0and f"(sinx)>0 VxeR, then find the intervals of monotonicity of the function

g(x)= f (sinx)+ f (cosx), xe[0,7/2].

Solution: To obtain the intervals of monotonicity of g(x), we need to analyse g'(x).
9'(x)= f'(sinx)cosx— f '(cosx)sin x
ThisisO0when
f'(sinx)cosx = f (cosx)sin x

= f'(sinx)cosx = f '(sin(%—xncos(%—x)

One of the possible roots of this equation is given by:

V1
X==——X
2
fi1
= X==
4

Now, we analyze g"(x):

g"(x)= f"(sinx)cos® x+ f "(cosx)sin? x —={f '(sinx)sinx+ f '(cosx)cos x}...(i)

Itisgiventhat f'(sinx)<0 VxeR

(n
= f'(cosx)<0 VxeR {':Cosx:sm(g—x]}
Similarly,
f"(sinx)>0 VxeR

= f"(cosx)>0 WVxeR {same reason as above}
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From (i), observe carefully that these two conditions above imply:

g"(x)>0VxeR

Since g"(x) is always positive, the graph for g(x) is a concave upwards curve, so that g(x) has only

one extremum point (a minimum) which we deduced as X = % .

Therefore:
g(x) decreases on (0%)
g(x) increases on (% % )
x:% isaminimum for g(x). <
Example — 18

If f(x) and g(x) are differentiable functions for 0 < x <1 suchthat f (0)=2,9(0)=0, f (1)=6and g(1)=2,

then show that there exists ce (0,1) suchthat f'(c)=2g"(c).

Solution: The nature of the proof required hints that we have to use one of the Mean Value Theorems. We
construct a new function for this purpose:

h(x)= f (x)-2g (x)
Now,
(0)-29(0)=2

(1)-29(1)=2

L -

and h(1)=

Also, since f(x) and g(x) are differentiable on [0, 1], h (xX) must also be differentiable on [0, 1].
Therefore, Rolle’s theorem can be applied on h(x) for the interval [0, 1]:

There exists ¢ e [0,1] such that
h'(c)=0
= f'(c)—2g'(c)=0 for some ce [0, 1]
= f'(c)=2g'(c) for some ce [0, 1] 2|
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If f(x) is a twice differentiable function such thatf(a) =0, f (b)=2, f (c)=-1, f(d)=2, f(e)=0 where

a<b<c<d <e, thenfind the minimum number of zeroes of g (x)={f '(x)}2 +f'(x) f"(x) inthe interval
[a, €]

Solution: Notice that g(x) can be written simply as:
d
X)=—-1"F"(x)f(x
9(x)= 100 (9}

We let f (x)f'(x) be represented by h(x).
Therefore,

d
X)=—-1h(x
9(x)=—-An(0)}
Suppose that h(x) has n roots. Let r_and r,, represented two successive roots of h(x). For the
interval [r,, 1., ], we canapply Rolle’s theorem on h(x) so that:

Thereexists ce [r, r,,,] forwhich h'(c)=0

= Azeroofh'(x) will liein [r,,r,,]
— Azeroof h'(x) will lie between successive zeroes of h(x) {This is intuitively obvious}
= h'(x) has n-1 zeroes

Now we first find the number of roots of h(x)=0 or f (x) f'(x)=0
ie f(x)=0o0r f'(x)=0
From the given data on f(x), it must have at least 4 zeroes (at a, between b and c, between c and d

andate)
= f '(x) must have at least 3 zeroes (one between every pair of successive zeroes of
f(x))
= f (x) f '(x) orh (X) must have minimum 7 zeroes
= h'(x) must have minimum 6 zeroes <
Example — 20

If a,b,ce R and a+b+c =0, show that the equation 3gx2 + 2bx +c = 0 hasat least one rootin [0, 1]
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Solution: Notice that the expression 3ax?+2bx+c can be obtained from the differentiation of

f (x)=ax®+bx* +cx+d where dis an arbitrary constant.

We will now try to use f(x) to prove the stated assertion. Since the question mentions the interval
[0, 1], we should first find out f(0) and f(1):

f(0)=d
f(l)=a+b+c+d=d (since a+b+c=0)

Also, since f(x) is a polynomial function, it is differentiable and hence Rolle’s theorem can be applied
to it for the interval [0, 1]:

There exists at leastone pe [0, 1] suchthat f'(p)=0
i.e 3ax? +2bx+c =0 foratleastone pe[0,1]
= 3ax? + 2bx +c¢ =0 hasat least one root in [0, 1] <

Example — 21

A pole | feet long is to be carried horizontally from one corridor to another corridor perpendicular to each other.
If the first corridor is ‘d” meters wide, find the minimum required width of the other corridor.

Solution: The situation described in the question is depicted in the sequence figure below, as the pole is being
moved from one corridor to the other.

*
s ; =
v v —
(@) (b)
*
d

U P
l—‘\

€ . |

/ (d

/

© Fig - 50
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Let the width of the second corridor be w. Convince yourself that if w is below a particular value (if the
second corridor is too narrow), the pole will never be able to be moved into the second corridor.

Now, consider the case when w has a value such that the pole is just able to move into the second
corridor. This situation is depicted in the figure above. Observe (and visualise in your mind) carefully
that an instant will come when the ends of the pole touch the walls of both the corridors and the pole
touches the corner (turning). This is depicted in Fig - 50 part (c) and reproduced below in more detail:

J
1

P & Q denote the end
points of the pole

Fig - 51

For the entire movement of the rod from one corridor to the other (while all the time touching the point
R), the instant depicted above will be the one when the horizontal component of PR, i.e PS, will be
maximum. Before and after this instant, PS will have a lower value. Therefore, the widthw must be at
least greater than the maximum value of PS; only then will the pole pass:

Wmin = I:)Smax
Therefore, ouraimisto find PS__.

From the geometry of the figure, we can write:
d cosec@ +(PS)seco =1
_, pg = £2400eCO _ o0 _dcote
seco
d*(PS)
de?

d(PS):

For maximum PS, 0 and <0

d(PS
% =—/sin@ +d cosec?0
ThisisOwhen

/sin@ = d cosec’0

1/3
=siné :(9)
/

d*(PS)
do?

<0

/3
g=sin{ 4
/

\frify that
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1/3
. a
=sinf = (z] is a point of maximum for PS

= PS, =/cosf—d cot9|9:5in,1(g)m
‘
_ (62/3 g3 )3’2
=SW, 2(62/3 g3 )3’2 <

Example — 22

If o, B and y are the roots of x* + x? —5x—1=0, find the value of [ac]+[B]+[7].

Solution: Itisobvious that the required value can be found out if for each root we can find out the two (successive)
integers between which that root lies. For example, if o¢ lies betweenland | +1, then [o ] =1 and so
on.

Let  f(x)=x"+x"—5x-1
= f'(x)=3x*+2x-5
=(x-1)(3x+5)
= f'(x)>0 for xe (—oo,—%)u(l,oo) and f '(x) <0 for xe (—%,1)

= f (x)increasesin (—oo, _?5] decreases in (%51) and again increases in (1,0).

Also f (%5)5 %and f (1)=—4. Additionally, f(0) =-1

» <

Fig - 52

The approximate graph for f(x) is drawn above.
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We see that the three roots of f(x) lie not far from the origin and their approximate location can be
found out by evaluating f(x) for different integers close to 0.

f(0)=0+0-0-1=-1<0

f(1)=1+1-5-1=-4<0 } Oneroot ¢ lies between1 and 2

f(2)=8+4-10-1=1>0| =[] =1

Oneroot S lies between0 and -1

f(-1)=-1+1+5-1=4>0} _ /5

f(-3)=—27+9+15-1=-4<0

f(-2)=-8+4+10-1=5>0 }One root y lies between—2 and —3
=[y]=-3

= [a]+[B]+[y]=-3 <

Example — 23

The function y = f (x) isrepresented parametrically as:
x=g(t)=t"-5t"-20t+7
y=h(t)=4t>-3t>-18t +3

Find the extrema points of this function.

(-2<t<2)

Solution: We need to employ parametric differentiation here to determine the points where % =0:
g'(t) =%= 5t* —15t* — 20

=5(t"-3t*-4)
=5(t"—4)(t +1)
For te (-2,2), t*—4<0 so that g'(t)<0 Vte (-2, 2), g'(t)=0 foranytin(-2,2)
h'(t)=3—3t'=12t2—6t—18
=6(2t"—t-3)
=6(2t-3)(t+1)
h'(t)=0 whent=-1,3/2
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:>d_y_—(; 0 when t=—1, 3/2
d’y _g'(H)h"(t)-h'(t)g"(t)
dx’ (9'(t))’

Now,

(h'(t)=0 for t =—-1,3/2)

t=-1,3)
h(t)|_, =24t—6|_, =-30<0

h"(t)|_,,, =24t—6|_,,=30>0

t=3/2

dy >0

2
dx o

=t =—1Isamaximumand t = 3/2 isa minimum fory =f(x)

t=3/2

Example — 24

3 3
Prove the following inequality: x—% <tan™ x< x—% Vxe (0, 1]

3
Solution: Consider f (x) =tanx —[X—X?]

3

B X
=tan "t X— X+—
3

= f'(x)= ~—1+x°

1+ X

X4

T1ex
= f (x) isincreasing on (0, 1]

= f(x)>f(0) ¥xe(0,1]

~>0 Vxe(0,1]

Sincef(0)=0
X3
= tan"' x> X== vxe (0, 1]

The right hand side inequality can analogously be proved.
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Example — 25

Plot the graphs of the following functions:
3X

(@) f(x)=2sinx+cos2x (b) f(x):3x+E
© f(X)=3—2X|n(e—3—lx) (d) f(x)=v1+x° sin%

_ 2 o (x+D)
(e) f(X)—X2_4 (") f(X)—m
9) f(x)=% (h) f(x)=xInx

Solution: (a) Observe that f(x) is periodic with period 27 . Therefore, we can analyse f(x) only for the interval
[0,27], and by virtue of its periodicity, this analysis will remain applicable in all intervals of the

form [ 2nz,(2n+1)7 |, ne Z.
Now,
f'(x)=2cosx—2sin 2x

=2c0sx(1-2sinx)

ThisisOwhen
cosx=0o0r1-2sinx=0
T 3 T 5w
= X==,—0r X==—,—
2 2 6 6

Therefore, we have 4 extremum points, namely
m 7w 5t 3¢
“6'2°6 2

We now evaluate f"(x) ateach of these points.

f"(x)=-2sin x—4cos 2x

frl 2 :—2><1—4><1:—3<0
6 2 2

:>X—£' int of local i 'f£_§
=5 isa point of local maximum; 61732

f "(-): —2x1-4x(-1)=2>0

= x ="/ isapoint of local minimum: f =1
% %)
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£ 9 - onl 4l_ 3.0
6 2 "2

T . - - 5t
= X=? is apoint of local maximum; f( s )—

3
2

f (%”): (-2x—1)—4x(~1)=6>0

3r . ) . 3
= x =" isapointof local minimum; f rY =-3

Additionally, f(0)=1and f (27)=1

replicating this graph periodically:

Fig - 53

(b) Notice that Iirp f (x)=—ccand lim f (x)=-+eo

X—1+

= x =1 isan asymptote for the given curve.
-1)—
Now, f'(x):3+—3(x ) 23X
(x=1)
3
(x-1)
3(x* —2x)

(x-1)°

ThisisOwhenx=0, 2

—3-

Therefore, there are two extremum points.
f(0)=0and f(2)=12

The graph is obtained by plotting these points and joining them by a smooth curve; and finally
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We need not determine f "(X) here; we just observe that there is another asymptote to this
curve. This is how it can be determined:

lim 2 = lim (3+i)=3

X—teo Y X—>ioo X—=1

Also, I|m (y 3x)= Ilm( 3Xl]=3

X—Feo| X —

Therefore, y —3x = 3 isanother asymptote to the curve.

We now simply draw the two asymptotes (and deduce that x = 2 must be a minimum point and

x =0 must be amaximum point)

The graph is drawn below; observe the details carefully:
Yy
y' N /‘

/
/
/
/
/
/

Fig - 54

(c) The domain of the this function is given by:

e—i>0
3X

1
= X<0 or x>—
3e

Since lim f (x) =—o0, X = Si is an asymptote to the given curve.
1+

X—=— e

Also, lim f (x)=0

x—0"

Now, lim X:Iim EIn e—i :Elne_
X—oteo X X—teo| 2 3x 2

3
2
-3 e o5

= PN (verify)
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3x 1
=Yy= > % is another asymptote to the curve.

We now simply draw the two asymptotes from which the graphs easily follows.
(notice that we did not even evaluate f'(x); why?).

A

(d) Aswe have seen previously, y =+/1+x? will actas an envelope for the given f(x). Around the
origin, the oscillations will be extremely fast and will “spread out” away from the origin

Now,

lim f (x)=lim| v1+x’ sin <
X

X—>o0 X—>o0

=lim

X—o0 X

=1
= y =1 isanasymptote to the curve.

Similarly, lim f (x) =-1

X—>—00

= y = -1 isalso an asymptote to the curve.
The roots of f(x) = 0 are given by:

l:nzr;neZ :x:i;neZ
X Nz

Maths / Applications of Derivatives




102

This information is now sufficient do draw the graph of f(x)

\1f4%<

A~

Al

aot

>/’ -1
Fig-56
(e) The domain of the given function is
D=R\{-2, 2}
= X =-2 and x = 2 are asymptotes to the curve.
Now we evaluate the essentials limits of f(x):
lim f (x)=+ec and lim f (x)=—c

X—>00

lim f (x)=+ec and lim f (x)=—eo

x—2" X—2"

lim f(x)=+eand lim f(X)=—c

x—-2+ x—-2"

lim f (x)=0and f (0)=0

2
|im(l): Iim( 2X J:z
X—>teo| ¥ Xx—oteo| ¥4 —4

and  lim (y-2x)= Iim( 28"4)=0

X—>too X—teo| ¥ —

= y = 2x isanother asymptote to the curve.
2x* (x* -12)

Finally, f'(x) (xz _4)2
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This is 0 whenx = 0, £2/3
While drawing the graph, it becomes obvious that x = 2+/3 is a local minimum point while

x = —2+/3 isa local maximum point. The only additional observation we need to make is that

f"(0)=0 sothatx =0 is neither a local maximum nor a local minimum but a point of inflexion:

A

.
o
"
2!

Fig - 57

() The domain of the given functionis R\{1, 7}.
= X =1, x =7 will be asymptotes to the curve.

lim f (x)=+ec and lim f (x)=—co

x—7" X—7"

lim f (x)=—cc and lim f (Xx)=+e
x—1" x—1"

Also,
lim f (x)=0

X—>too

Observe that f(x) has a zero at x = -1.
Also,

f(x)>0 for xe (—-1,1)U(7, ) and f (x)<0 for xe (—e,-1)U(L, 7)
(X* —8x+7)—(2x—-8)(x+1)
(-1 (x-7)}
(x+5)(x-3)

T (x=1 (x=7)

Now, f'(x)=
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= f'(x)>0 V xe(-5,1)uU (13)
or f(x) increases in these intervals

= f'(X)<0V xe (—eo,—5)U(3,7)u(7,)
or f(x) decreases in these intervals.

-1

= f(_5):E’ f(3):_71’ f(O):%]

We now have sufficient information to plot the graph accurately:

y
A
e
7
5 1/ 3 b x
1 7 "
=1
18
This diagram has been ] N
drawn in an exaggerated manner B3
so that the increasing/decreasing nature
of f(x) is clearly visible
in different intervals.
4
Fig - 58

(9) The domain of the given function will be (0, )\ {1}

. X . X
lim—— =400, liMm——=—c0
x-1* |n X x-1" |n X

= x =1 will be an asymptote to the given curve.

Al Iimi—limi L.Hrul
30, e X xoe 1/ X (LHrule)

NOW, f '(X):
ThisisOwhenx=e
= f'(x)>0 for x>e or f (x)increaseson (e, o)

= f'(x)<0 for x<e or f (x)decreaseson (0,e)\{1}
f(e)=e
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The graph, based on this information, is drawn below.

¥
e
1
» X
Vi e
Fig - 59
(h) The domain of the given function is (0, =)
Now, Iing xInx=0 (weevaluated thisin the unit on limits)
limxInx=co
f'(x)=1+In=x
s 1
ThisisO if XZE

= f(x) decreaseswhen 1+Inx <0 or xe [0,%)

and f (x) increaseswhen 1+Inx >0 or xe (l,oo)
e

f (3):-_1
e e
Also, f(x)=0at x=1
The graph isdrawn below based on these calculations:

y

A

0‘\5/1
-1/et ;

Fig - 60
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EXERCISE
Q1. Provethefollowing inequalities:
0) 2\/;>3—%for Xx>1 (i) & >1+x (x#0)
. 2(x-1
(iii) x> In(1+x) (iv) Inx>M for x>1
X+1
(v) 2xtan™ x = In(1+x%) (vi) 1+ xIn (x TN ) > 1+ X
(Vi) In(1+x) > tan™” x for x>0 (viii) sin x < X—X—3+X—5 for x>0
(LX) > 6 120
Q 2. Plotthe graphs of the following functions by completely analysing their corresponding equations (asdone
in class; this means that you have to analyse their limits at different points as well as their first and second
derivatives indifferent intervals):
o1 X
(i) y_l—X2 (i) y W21
1 . 1 )
Sy — =—+4X
(i) y (x—1)(x-2)(x=3) (iv)y x
3 3
V) Y= Vi) y=——
V) Y=3- ) Y=ot
. x* x> —-1)(x-2)
(vi) y= 1 (wviii) y:%
. e”
(IX)Y=? (x) y=x—In(x+1)
X2 y2
Q3. Fromavariable pointon an eIIipse?+b—2 =1, anormal is drawn to the ellipse. Find the maximum
distance of the normal from the centre of the ellipse.
Q4. LetSbeasquare of unitarea. Consider any quadrilateral which has one vertex on each side of S. If a, b,
¢, d denote the lengths of the sides of the quadrilateral, prove that
2<a’+b*+c’+d* <4
Q5. TownsAand B are situated on the same side of a straight road at distances a and b respectively from it.

Perpendiculars drawn from A and B meet the road at points C and D respectively. The distance between
CandDisc. A hospital isto be built at a point P on the road such that the distance APB is minimum. Find
the position of P.
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Q6.

Q7.

Qs.

Qo.

Q 10.

Determine the relation between the radius R and the height H of a cylinder which has the least possible
total surface area at a given volume.

Find the maximaand minima of the following functions:

(i) y=—x*Vx* +2 (i) y =ae™ +be ™
(i) y=x"-2x*+5in [-2,2] (iv) y=x*-3x*+6x-2in [-1 1]
Find the condition that the line x cos & + ysin e = p may touch the curve 2 + b =1.

In a printed book, the text must occupy S square centimetres of each page. The top and bottom margins
must be a cm each, and the right and left hand margins b cm each. If we are interested in saving paper, then
what must the size of the printed page be?

Araindrop with aninitial mass m, is falling under the force of gravity. The loss in mass, due to evaporation,
is proportional to time, the proportionality constant being k. How many seconds will it take the kinetic
energy to attain its greatest value after it begins to fall? What will be this value? Air resistance can be
ignored.
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