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Circular Motion

INTRODUCTION:

In many natural phenomena the motion is circular or nearly circular, e.g., satellite motion or motion of the earth
around the sun. A particle moving in a circular path illustrates many of the important features of the velocity and
acceleration vectors in two dimensions.

We first consider circular motion with constant speed. In everyday usage, we would say that if the speed is
constant, there is no acceleration. However, we have defined acceleration as the rate of change of the velocity
vector. Even when the speed is constant, a particle moving in a circle is accelerating because the direction of the
velocity is constantly changing.

UNIFORM CIRCULAR MOTION:

Ifaparticle is moving in a circular path with constant speed, we define this motion as uniform circular motion.
Now, we have to obtain the acceleration in uniform circular motion.

The situation is shown in figure 4.1(a). Let P be the position of the particle at the time tand P ' be its position

atthe timet + At. The velocity at P is V,, a vector tangent to the curve at P. The velocity at P' is V,, a vector

tangent to the curve at P'. As the speed of the particle is constant, the vectorsV, and V, are equal in magnitude,
but

fig. 4.1(a) fig. 4.1(b)

their directions are different. The length of the path traversed during At is the arc length PP, which is equal to
V- At, where Vv is the constant speed of the particle.

Now, redraw the vectors V, and V,, as shown in figure 4.1(b) so that they originate at a common point. We are
free to do this as long as the magnitude and direction of each vector are the same as in figure 4.1(a). Figure

4.2(b) enables us to see clearly the change in velocity as the particle moved from P to P'. This change,
V, —V, = AV, is the vector which must be added to V, to get V,.Notice that it points inward, approximately
toward the centre of the circle.

Now the triangle fromed by V,,V, and AV is similar to the triangle CCP' formed by the chord PP ' and the
radii CP and CP'. This is so because both are isosceles triangles having the same vertex angle; the angle

6 between V, and V, is the same as the angle PCP' because V, is perpendicular to CP and V, is perpendicular
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The chord pp' being taken equal to the arc length PP, This relation becomes more nearly exact as At is
diminished, since the chord and the arc approach each other. Notice also that AV approaches closer and
closer to a direction perpendicular to v, and v, as Atis diminished and therefore approaches closer and

closer to a direction pointing to the exact centre of the circle. It follows from this relation that

AV

At

v 2
= T approximately,

and in the limit when At — 0 this expression becomes exact. We therefore obtain

v (4.0

as the magnitude of the acceleration. The direction of g is instantaneously along a radius inward toward the
centre of the circle. Figure 4.2 shows the instantaneous relation between y and 3 at various points of
motion. The magnitude of  is constant, but its direction changes continuously. This gives rise to an acceleration
a which is also constant in magnitude but continuously changing in direction. The velocity v is always tangent
to the circle in the direction of motion; the acceleration & is always directed radially inward. Because of this,

a is called a radial, or centripetal acceleration. Centripetal means “seeking a center”.

fig. 4.2

The acceleration resulting from a change in direction of a velocity is just as real and just as much an acceleration
in every sense as that arising from a change in magnitude of a velocity. The velocity, being a vector, can
change in direction as well as magnitude. If a physical quantity is a vector, its directional aspects cannot be
ignored, for their effects will prove to be every bit as important and real as those produced by changes in
magnitude.

NONUNIFORM CIRCULAR MOTION:

Ifaparticle moves in a circle with speed that is varying, there is a component of acceleration tangent to the
circle as well as the centripetal acceleration inward. The tangential component of acceleration is simply the

rate of change of speed dv/dt, whereas the radially inward component arises due to change in direction and
2

. v . . - . . .
has a magnitude e Let us introduce the unit vector t fixed to the moving particle and oriented along a

tangent to the path in the direction of the movement of the particle as shown in fig. 4.3. Therefore f is a
variable vector since it depends upon the position of the particle. The velocity vector V of the particle is
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fig. 4.3

v=v-{
dl . : . L
where speed V [ =—, | being the distance covered | is the rate of covering distance.

Let us differentiate above equation with respect to the time:

_ dv dv-f) dv . df
d=—=——=—1"F+v.—
dt dt dt dt

dv . df dl

dv . , df
= +v =—-f+v
dt dl dt dt

av g oAl
dl ..(4.2) [usmg i V:|

Let us examine the increment of the vector { in the interval dl (see figure 4.4). It can be strictly shown that
when point 2 approaches point 1, the segment of the path between them tends to turn into an arc of a circle

fig. 4.4

with centre at some point O.0 is referred to as the centre of curvature of the path at the given point, and the
radius r of the corresponding circle as the radius of curvature of the path at the same point. It is seen from

figure 4.4, that the angle
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At the same time, if dl — 0, then df _k {. Introducing a unit vector fj alog the normal to the path at point 1
directed toward the centre of curvature, we write the last equality in a vector form:

dt n
a = . ..(4.3)

Now let us substitute equation (4.3) into equation (4.2). Then we get,

Vi dv.
d=—nN+—f

r m ..(4.4)

Here the first term is called the centripetal (normal) acceleration a, and the second term is called the
tangential acceleration @, :

a = v . a, = ﬂ 4.5

n - r 9 dt . ..( . )
Here normal acceleration (which must be provided by a normal component of the net force acting on the
particle) is responsible for the change in direction of the velocity and the tangential acceleration (which must be
provided by a tangential component of the net force acting on the particle) is responsible for the change of the
speed.

Thus, the total acceleration a of a particle can be represented as the sum of the tangential and the normal
accelerations as shown in fig. 4.5. The magnitude of the total acceleration of the particle is

(Y (v Y
=l m ..(4.6)

fig. 4.5

Obviously this concept can also be applied to a particle moving on a circular path. At any point on the path,
radius of the circle should be regarded as the radius of curvature of the path at that point and the centre of the
circle should be regarded as the centre of curvature of the path. Therefore, if equations (4.4), (4.5) and (4.6)
are applied on a particle moving in a circular path, r denotes the radius of the circle.




ANGULAR VARIABLES:
It is often convenient to describe the motion of a particle moving in a circle in terms of angular variables.

If the particle is moving with constant speed then time required to complete one revolution, called the time
period T, is given by

_2mr
v

T

where r is the radius of the circle and v is the speed of the particle.

The reciprocal of the period is called the frequency f. We can write

_ v
T 2nr

The frequency is usually given in revolutions per second (rev/s). Like the radian, the revolution is also a
dimensionless unit.

Figure 4.6 shows a portion of a circle of arc length s and
radius r. The angle 0 swept by the radius vector when a

particle moves from P to P' is 8=s/r. The 0 is called the
angular position of the particle with respect to its initial
position.

The rate of change of the angular position is called the angular velocity @:

a)=d—9= d(s/r)
dt dt
_1lds
r dt

Since ds/dt is the rate of covering distance, it is basically linear speed of the particle. Therefore, the linear and
angular speeds are related by

v
w=—
r

= - (47)

y=———=0r
The rate of change of the angular velocity is dt
defined as the angular acceleration «: a=%_o,
Codt
do d
og2de_ (v/r)
dt dt
_ldv
T rdt fig 4.7

a, ( where @, is the tangential acceleration )

r | and a, = dv/dt = rate of change of speed.

Therefore, the tangential and the angular accelerations are related by

PN




NOTE: *  Atallpoints the acceleration of the particle has an inward radial component too.

*  If angular acceleration o is constant then we can use the following equations:

ot)=w, +ot; ...(4.8)
ot)=0+aw, t +%at2; ..(4.9)
(0(t)) = (@) +2-0-A6. ..(4.10)

(EXAMPLE : 1 |

A particle rotates in a circle according to the law 8 = at —bt’, where 6is the angular position of the particle at some
time ‘t’, a=6-0 rad/sand b =2-0 rad/s®. Find:

(@) the mean values of the angular velocity and angular acceleration averaged over the time interval
between t = 0 and the complete stop;
(b) the angular acceleration at the moment when the particle stops.

SOLUTION: If wbe the angular velocity and o be the angular acceleration of the particle, then

de d(at—bt’)
N=—=—"=2a
dt dt

—3bt?

o _do _ d(a—3bt*) _
dt dt
If the particle stops at t =t , then

and —6bt

w(at t=t,)=0
= a-3bt; =0
a
t o=, |—
= °*~\3b

Therefore, for the time interval [0, t ], the average angular velocity,

A0 _6,-6
(@)= At t, -t

_B(t=t,)-6(t=0)
- t,—0

_ (at,—bt5)—(0) _

0

a-bt;

3b 3




and the average angular acceleration,

<a>_Aa)_60f - :a)(t:to)—w(t:O)

At ot —t, t,—0

_(a-3bt))—-(a) _

0

a
=-3b-,[——=—V3ab
=

=—6 rad/s’

—3bt,

At t=t , the angular acceleration,

o =—6bt,
= —6b\/E =-2+/3ab
3b
=—12 rad/s’

(EXAMPLE : 2 |

A particle is moving in a circle of radius r with a varying angular speed @, given by
w=pt*.

Find the net acceleration of the particle at some time t.

SOLUTION: We have

o= Bt*
V=ar (let v be the linear speed)
=rpt’
If a, be the tangential acceleration and @ be the normal/centripetal acceleration, then we have,
2 2 Q244
v rpo-t
a =—= A _ rg’t*
r r
dv
and =—=2rft
a, = =2rp

- Netacceleration, a_, =/a’ +a_

_ \/4I’2[)’2'[2 N r2ﬁ4t8
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Abody is travelling in a circle at a constant speed. It

(a) hasa constant velocity.

(b) isnotaccelerated.

(¢) hasaninward radial acceleration.
(d) has an outward radial acceleration.

When a particle is in uniform circular motion it does not have

(a) radial velocity and radial acceleration

(b) radial velocity and transverse acceleration

(c) transverse velocity and radial acceleration

(d) transverse velocity and transverse acceleration.

Assertion (4): If abody moving in a circular path has constant speed, then there is no force acting on it.
Reason (R) : The direction of the velocity vector of a body moving in a circular path is changing.

(a) both A and R are true but R is the correct explanation of A

(b) both A and R are true but R is not the correct explanation of A
(c) AistruebutRis false

(d) AisfalsebutRis true.

A body is revolving with a constant speed along a circular path. Ifthe direction of'its velocity is reversed, keeping
speed unchanged, then

(a) the centripetal force does not suffer any change in magnitude and direction both

(b) the centripetal force does not suffer any change in magnitude but its direction is reversed
(c) the centripetal force disappears

(d) centripetal force will be doubled.

An object follows a curved path. The following quantities may remain constant during the motion

(a) speed (b) velocity
(c) acceleration (d) magnitude of acceleration.




ALTERNATE APPROACH FOR CIRCULAR MOTION:

Although we have already discussed both uniform
and nonuniform circular motions, let us try to
understand these concepts by a more general
approach. In this method we will try to get the
velocity V by differentiating the position vector F
and the acceleration & by differentiating the velocity
V. A particle is moving in a circle of radius r. We
have assumed the centre as the origin of the
reference frame, as shown in figure 4.8(a). At some
time the position vector ¥ is making an angle 6
with the +ve-x direction. We define Oas the angular
position of the particle. We have also defined two
variable unit vectors, one along radially outward
direction, f and the other one, f, along the tangent
and coinciding with the direction of motion of the
particle. From figure 4.8(b), we have

f=icosf+ jsin@ ..(4.9)

and f=—Isin@+ jcos® ...(4.10)

We have, f=rcosOf+rsin9j

dar d(rcosbi +rsin@ )

dt dt

v

:d(rcosei‘)+d(rsin9j)
dt dt

- d(cos9) o d(sin®)
dt dt

=r —sin(9-d—(9 +1j cos@-d—9
dt dt

——qrsin-1 +@r cosO- |

= @r[—sinB -1 +cos6- |]

=

»
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[ angular velocity, = d6/dt]

[using equation 4.10]

Therefore, the velocity of the particle is along the tangent to the circle and the magnitude of the velocity is @r.

Again, we have,
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dSinez\ da)

- dcosf -
I +——rcosf]+awr
dt dt

J

:—d—w-r-sinef—w-r-
dt

=—arsinf | —w’rcosOi +orcosd | —w’rsind J.

[ angular acceleration o = dw/dt]

=—w’r(cosOi +sinb J)+ar(—sinOi +cosb j)

= |a =—w’r-f+ar -f| [using equations 4.9 and 4.10]

Therefore, the acceleration of the particle has a radially inward component of magnitude @*r (=Vv?/r) and a
tangential component of magnitude o r. The magnitude of the net acceleration can be written as

Ay = (@1 +(ar)’

It is obvious that in the case of uniform circular motion, the angular acceleration ¢ is zero and the particle has
only radially inward component of the acceleration, which is often called centripetal acceleration. The
results obtained by this method are in accordance with the previous results.

(EXAMPLE : 3 |

A point moves along a circle with a speed v = o, where ¢is a positive constant. Find the magnitude of the acceleration
at the moment when it covered the n-th (n=0.10) fraction of the circle after the beginning of the motion att=0.

SOLUTION: Let r be the radius of the circle and s be the distance travelled along the circumference of the
acceleration at the circle in the time interval [0, t], then we have

ds
— =V
dt
E=ozt
= dt
S t
0 0
t2
- s =O‘T ()

When the point has covered nth (n=0.10) fraction of the circle, we have,

S=n2xr)=0.102xr)=0.2(xr)

= %tz =0.2(xr) [using (1)]

_ 0.4(wr)

7

= t?

..(i0)
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At this moment, the centripetal acceleration is

viooolt?
a_n ==
r r
= a, =0.4(mo) [using (ii)]

and the tangential acceleration is

_ dv _ d(at) .
dt dt

Therefore, the magnitude of the total acceleration is

a= \/aﬁ +al = \/(0.16)7r2a2 +a’

=o0.167° +1

(EXAMPLE : 4 |

A point moves with deceleration along the circle of radius R so that at any moment of time its tangential and normal

accelerations are equal in moduli. At the initial moment t =0 the velocity of the point equals v,. Find:

(a) the velocity of the point as a function of time and as a function of the distance covered s;

(b) the magnitude of the total acceleration of the point as a function of velocity and the distance covered.

SOLUTION :(a) Let at some time ‘t’, v be the speed of the point, then we have,

|n0rma1 accelerati0n| = |tangential acceleration

. vi__Gv
R dt
dv Vv
= @ R 0
cdv pdt
= IF=1R
1 \
—— —t/R
= Vv[,
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R+v,t

From equation (1), again, we have

=

=

dv ds_ v’
ds dt R
v V?

V._:__
ds R

dv_ v

ds R
d_vz_ljds

Vo v RO

In(v/v,) =-s/R

_ -s/R
V=V, -e

..(ii)

[s is distance covered]

..(ii)

(b) Ifa_be the normal and a, be the tangential acceleration, then the total acceleration,

a=.a’ +a’
:\/Ean

2
_a v
R

\/Evg e—ZS/R

a(s) ===

R

[ fa] =la.)

(iv)

[using (i11) and (1v)]
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10.

In applying the equation for motion with uniform angular acceleration, = @, + of, the radian measure

(a) mustbe used for both wand o (b) may beused for both wand o
(c) may be used for wbut not for o (d) cannotbe used for both wand c.

The position vector of a particle in a circular motion about the origin sweeps out equal area in equal time. Its

(a) velocity remains constant (b) speed remains constant
(c) acceleration remains constant (d) tangential acceleration remains constant.

A particle is going in a spiral path as shown in figure with constant speed.

(a) The velocity of the particle is constant
(b) The acceleration of the particle is constant.
(c) The magnitude of acceleration is constant.

(d) The magnitude of acceleration is decreasing continuously. —

If the equation for the displacement of a particle moving on a circular path is given by 9 = 2t* + 0.5, where Ois in

radian and t in second, then the angular velocity of the particle after 2 s from its start is :

(a) 8rad/s (b) 12rad/s
(c) 24rad/s (d) 36radss.

In the Bohr model of the hydrogen atom, the electron revolves in a circular orbit around the nucleus. If the radius
ofthe orbitis 5.3x10!! meter and the electron makes ¢.x 10! rev/sec, find (a) the acceleration (magnitude
and direction) of the electron and (b) the centripetal force acting on the electron. (This force is due to the attraction
between the positively charged nucleus and the negatively charged electron). The mass of the electronis 9.1x 103!

kg.

A particle is projected with a speed U at an angle 8 with the horizontal. Consider a small part of its path near the

highest position and take it approximately to be a circular arc. What is the radius of this circle ? This radius is called
the radius of curvature of the curve at that point.

What is the radius of curvature of the parabola traced out by the projectile in the previous problem at a point where
the particle velocity makes an angle /2 with the horizontal ?

A wheel rotates around a stationary axis so that the rotation angle ¢ varies with time as ¢ = at*, where a=0.20
rad/s’. Find the total acceleration o of the point A at the rim at the moment t=2.5 s if the linear velocity of the point
A at this moment v =0.65 m/s.

(@) Write an expression for the position vector I for a particle describing uniform circular motion, using rectangular
coordinates and the unit vectors I and j (b) From (a) derive vector expressions for the velocity v and the
acceleration 3. (C) Prove that the acceleration is directed toward the center of the circular motion.

A point moves along an arc of a circle of radius R. Its velocity depends on the distance covered sas v = a+/s,

where a is a constant. Find the angle abetween the vector of the total acceleration and the vector of velocity as a
function of's.




