Tips on how to use the study-material effectively

Read the following lines carefully to understand how you can derive the maximum benefit out of thisstudy-material.
(Don’tjust read them! Follow them sincerely, and you should have an excellent chance of succeedingat the JEE).

1) Giveageneral reading to the study-material before coming to the class for this topic. This willensure that
you have at least an overview of what is being taught in the class and you can follow the classroom
discussion in a more effective manner.

2) Afterthe class, go through this material again, this time in detail, observing all the fine points, working out
the examples on your own, completing the exercises sincerely, and pondering over the subject matter. This
will complement what you have studied in the class. Particularly about the exercises, if you cannotsolve
any particular problem, don’t just give up and ask your teacher for the solution! Keep trying and you are
sure to hit upon the solution sooner or later.

3) After going through the study-material in the detailed fashion described above, reread your classroom
notes and solve on your own all the problems discussed in the class. This will ensure your complete
mastery over the topic.

4) From an examination point of view, take self-tests at home on this topic so that you actually getthe feel on
how to solve questions on this particular topic in an exam-like situation. This will additionally help in
building your examination temperament.

5) Prepare for the monthly tests seriously, as you would prepare for an actual exam.

6) Every few days, pick up this study-material and go through it again, so that the topic remains strong and
fresh in your memory, and you are always exam-ready in relation to this topic.

7) Lastly, and very importantly, try to frame new questions on your own (and also solve them!), by modifying
the questions discussed in this study-material. Have discussions with your friends on these “new’ questions.
This will really help in expanding your mind’s horizons and give you hours of intellectual pleasure.
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Section -1 INTRODUCTION TO FUNCTIONS

Functions are one of the most important areas of mathematics because they lie at the heart of much of mathematical
analysis. The concept of a function is easy to understand once you fully graph the basic definitionof a function.

Suppose | say that y = x*, where x is any number. This says thaty is dependent on x, because y is the square of
X. In other words, y is a function of x, or y = f(x).

I could also write this equationas x = ﬁ and say that x depends ony or x is a function of y or x = g(y). See

afunction as an operator, which takes an input and gives an output. The input is called the independent variable
and the output, which depends on the input because of the operator, is called the dependent variable. In the case

above:
X y

1 T 1
e Operator erble

y— | g |——X
Fig-1
Thisis acase of asingle variable function (there is only one input to the operator). I could alsohave multi-variable
functions. For eg:

z=x2+y? or z=h(x,y)

zisafunction of both xandy.
I could also have multi-dimensional outputs.
In our course, we will mostly be concerned with single-variable functions.
Read the following and you will get the basic idea.

() Fill aballoon with air. The volume V of the balloon is V = —zr®  where r is the radius of the
balloon (assuming a spherical balloon). Hence, volume is a function of radius, or V=1 (r)
(i) The power dissipated by a resistor, P, is a function of the current input, I.
P=g(l) [P=1°R]

(i) The rank you score on the JEE , R, will be some function of the amount of hard-work, HW you do
now (although it would be difficult to quantify hard work !)

R =h (HW)
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Section - 2 DOMAIN AND RANGE

Suppose | say that f is a real function. This means that for real input, the output should be real. f could also be
complex, that is, produce complex output for real input. For eg,

f(x) = Jx
If fisreal, then x (the input to f) can only take non-negative values because only then will the output  (f (X)) be

real. This isstated as : “The domain of fis the set of all real numbers, R ”. Domain is the set of all possible inputs
for which the function is defined (or is being defined).

Inthe case above, if f is acomplex function, then x can take any value and the output will still be defined (it will lie
in the complex plane). In fact, x can itself be complex.

From now on, we will be studying only real functions, (whose output is real for real input)
In some cases, the domain is defined explicitly. For example,
I couldwrite:y=f(x)=x";1<x<2

Here the domain (set of input values ) has been defined explicitly as (1 ,2). [although the functionfis defined for all
real x]

If no domain is mentioned explicitly, the domain will be assumed to be such thatf produces real output.

=y = f(x)=+x
D @ x>0
= vy = f(x)=x 2<x<3
D : 2<x<3 or xe (2,3] (has been defined explicitly)
_ 1
=y = 5

D : allreal numbersexcept 0 or R —{0}

=Y log x where x is integral
D : allintegers >1

Range is simply the set of all possible values the output can take depending on the domain that hasbeen

defined.

Range depends on the domain.
y=x y= Jx Y=V 2<x<3
D :all x D: x>0 D:(2,3]
R: y>0 R: y>0 R: (v/2,43]
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To have a graphical picture in mind, consider the figure drawn below.

Domain Range

All
possible All outputs
inputs 1 < f (depending on
—> the inputs)
Fig-2

When plotted on a graph, the independent variable is plotted on the horizontal axis and the dependent
variable is plotted on the vertical axis.

by =c

Fig-3

Suppose y depends on x as shown in Fig-3. You can easily tell the domain and range of the function
y=Tf(x) by looking at this figure. The function has been defined (and plotted) for only some values of

X, that is, the domainis a<x<b orD=[a, b]
Look along the y-axis (the dependent variable) and we see that the graph varies only between certain
valuesofy:c<y<d
This is the range, thatis,R=[c, d]
= Tosummarize, for domain, look along the x-axis and for range, look along the y-axis.
We will learn more about graph plotting later.

Section - 3 STANDARD FUNCTIONS
For the sake of a comprehensive discussion, some-standard functions and their graphs are discussed
below:
1. Constant function f(x) =k y
Domain = R 1 .
Range = {k}

Fig -4
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Identity function

Linear function

Square function

Cube function

. . 1
Reciprocal function f (X)=—
X

{Range is R -{0} because for no value of x is f (x) = 0}

Step function

f(x)=x

Domain = R
Range = R
f(x)=mx+c
Domain = R
Range = R
f(x) = x2
Domain = R
Range = [0,)
f(x)=x3
Domain = R
Range = R
Domain = R-{0}

Range = R-{0}

f(x)=0 ifx< 0

1 ifx>0
Domain = R
Range = {0,1}

y
M ‘

e

Fig - 5

y
4

Ymﬂan 0
0

/ ”

Fig-6

y

Parabolic
shape
X

Fig-7

%2
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8. Modulus Function f(x)=|x|= x if x>0 y

—x if x<0

Basically , this function gives the magnitude of anumber Fig-11
and strips it off its negative sign, if it is negative.
Domain = R
Range=[0, )
9. Exponential function f(x) = ¢* y
Domain = R
Range = (0,00) !
Fig - 12
10. Logarithmic function f(x) =Inx
Domain = (0, o) .
Range =R
1 X
Notice what happens if we draw f (x) = e* and Fig- 13

f (x) =Inx on the same axis:
The graphs of the two functions seem to be mirror
reflections of each other in the liney = x

(Infact, they are !)

Fig - 14

Also note what happens if we operate the f (x) = In x function and then the g (x) = e* function on
a particular x, in any order. (For the second sequence, x >0 so that In x is defined.)

g f
X—| e ¢ 5l Inx X
f g

X—| Inx |—=X—| e
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Thatisf(g (x)) =xand g (f (x)) = x. Such functions are called inverse functions :
f :g_l or g: f_l.
The graphs of f and g are mirror reflections of each other about the liney = x.

(Note that because of this , the domain and range get interchanged)
We will study inverse functions in detail later.

11. Greatest integer function f(x) =[x]
This isan interesting function. It is defined as the largest integer less than or equal tox.
For example, [1.3] =1 [1.3]=-2 [0.6]=0 [7]=3 etc.
To draw its graph, we note that f (x) =0 for 0<x<1,f(x)=1for 1<x<2, f (x) = -1 for
—-1<x<O0andsoon.

A
Domain =
3T —-0 R
Range = 7 (setofall integers)
24 —o
I+ @&—O0
3 -2 1
} L 4 O t > x
1 2 3
*—0 -/
e—o 2
o——=O -L 3
Fig - 16
12. Fractional part f(x) ={x}
Every number x can be written as the sum of its integer and fractional parts. So, fractional part
{x} =x-1[x]
or in other words, fractional part of a number is the difference between that number and its integral
part [x]

We example, {1.3}=0.3, {-1.3}=0.7 and so on.

We can obviously see that 0 <{x}<1

To draw the graph, we note that f (x) = x for 0<x <1 because in this interval, [x]=0. As soon as

x becomes 1, f (x) drops again to 0, and then starts increasing as x increases. And so on, we see
that at each integral value of x, f (x) becomes 0, then increases and approaches | as x approaches
the next integer, and finally drops again to 0, never becoming 1.
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Domain = R

Range = [0,1)

I+

Fig-17

13. Trigonometric functions

There are six basic trigonometric functions as you know. Here, we will discuss how we can arrive

attheir graphs.

To draw them, we use the device of a unit circle and a point P moving in an anticlockwise direction
on the circumference of this circle as showninfig- 18. X’ isthe angle in radians that OP makes

with the x-axis.
We see that
A _ a
sinx = 1 = a
\P
/ cosS b b
Y |a X = —=
> X 1
0 b
tan a
X = =
b
Fig- 18

As the point P moves (x increases), note the variations in ‘a’ and ‘b’ and hence observe the details

of the graphs we obtain.

(i) sinx (variation in ‘a’)

R
[-1,1]

Domain
Range =

The graph repeats after every complete

revolution of P, i.e., after every increment
(or decrement) of 2 in the angle ‘X’

FUNCTIONS




(i) cos x (variation in ‘b’)

A Domain =R
. (I ) Range = [-1,1]
\ 2 / \ . / This function is also periodic with period 2r.
-3n _r o I n T:x
T\/ 2\‘/37 2
_____ R
Fig - 20

Vid
Domain =R - {nﬂ +E}

y [Exclude the set of all points where b
! ! 1 ! ! becomes 0, i.e. where the angle
/i /i i /i X= nn+ 1/2]
’ i / ’ i 25 / ’ ! / This function is periodic with period .
: : : : (half arevolution of P).

Fig - 21

Notice exactly how these graphs are obtained. Then, try to draw the graphs of the other three
ratios yourself.

(Either consider the variations in 1/a, 1/b and b/a, or directly try to plot the reciprocals from the
three graphs drawn already.)

14. Polynomial functions

These are functionof the form f(x) = a,x"+a,x" ' +.....+a

They are continuous function (without any breaks in the graph; we will discuss the continuity of
functions later) whose domainis R and range is R or a subset of R.

For example f(x) = x*+2x+3 isaquadratic function

f(x) = ax® +bx?+cx+d isacubic function.
15. Polynomial rations

f(x)

These are functions of the form h(x) = T where f(x) and g(x) are themselves polynomials.
g(x

The domain will exclude all points where g(x) can become 0 (the roots of g(x)). The range will be
asubsetof R (orR). The continuity of such functions will be discussed later.
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Example — 1

Find the domains of the following functions, assuming the functions to be real.

1
@ f(0)=vxX-1 (b) f(x):m

(©) f(x):1+sinx d f(x)=v2-x+3+x
() f(x)=log|x*—3x+2] M f(x)=+sinx-1
1
@ "= () 1(x)=log([x])
0 f(x)=k 0 f(x)=sinvx-

Solution. (a) A square root function is defined when its argument is non-negative. Therefore, we require that
x>?—1>0 = x=1lor x<-1
D= (-oo,-1]U[1, o)
(b) Here again, we require the argument of the square root function to be non-negative. In addition,
since the term /2 _1 is in the denominator, we require it to be non-zero. Hence

x>-1>0 = x>1 or x<-1
D= (-oo,-1)U(l, )

(c) Forthisreciprocal function, we require the denominator to be non-zero, that is , the domain should
exclude all those points where

sinx=-1= x=2nn+ 3n/2
3n
D= R- {2nn+7} ne 7

(d) Here we require both the square root functions to be defined separately.

2-x20 and 3+x>0 = x<2 and x>-3
D= [-32]

(e) For the log function to be defined, we require the argument to be positive. For the given function,
theargument s | x> —3x + 2|, which is everywhere positive except the points where it can be 0;
we need to exclude these points from the domain.

X -3x+2=0= (x-1)(x-2)=0 = x=1,2
D=R-{1, 2}
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() Thisisthe square-root function again. We require sin x > 1. Now, sin x can vary in [-1, 1],
(the range of sin x).

Hence the given function will assume real values at only those points where sinx = 1.
(Atall other values of x, sinx—1<0)

. T
SinXx=1= x=2n7r+§

D :{2n7r+%} ne 7
(@) We require the denominator to be non-zero.
[X] #0 = xdoes not lie between 0 and 1 (where [x] is 0)
= x<0andx>1
D= (=0, 0)U[l, )
(h) We require the argument to the log function to be positive.
[X] >0 = Thisis possible only whenx >1
D= [1,0)
() Thisisaconstant function, whose output isk regardless of the input.
D=R

() Thereisno constraint on the argument of ‘sin’ function (its domain isR). All we require here is that
x >0 (for the square root function to be defined)

D =0, =)

Example — 2

Find the range of the following functions, assuming real functions.

@ f(x)=x b)) f(x)=x*+1
(€) f(x)=+sinx (d) f(x)=[sinx]
_ L 1
@ f()= ™ 0 f0="7
@ f() :E] x>0 () () =[lcosx|]
(i) f(x)=[cosx]| ) fX)=x*>+3x+2.
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Solution. For all these functions, we will first write the domains, and then find the corresponding ranges. Wewill
also plot the graphs for these functions so that you gain some experience on how to go about plotting
graphs.

(@ Thisis the identity function that we discussed in the section on “standard functions”.

D=R 1)
R=R
/‘ T

Fig - 22

(b) Forthisfunction,D=R

y

Now x*>0 = x*+1>1 -
= R=[1,)
Shift 1
unit *
upwards

We have seen the graph of y = x2.

The graphof f(x) = x*+1 can be drawn by JL
incrementing each point on the graph of A R
f (x) = x? by 1 unitalong the y-axis. :[i
Fig-23

(c) Theargument of the root function should be non-negative.
Hence we require sinx > 0. A

Now we’ve seen the graph of f (x) =sin x

sinx > 0inthe intervals marked with ‘+’, i.e.
[0, =], [2r, 3] and so on

D={[2n7,2n+)x]}, ne z ﬂ

For this domain, 0 <sinx<1 y

= 0<+sinx<1 ]I/\

= R=[0,1] _2(\_“ 0| . 2[\375”
Fig - 24
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(d) This function is obviously defined forallxe R
D=R

-l <sinx<1

Therefore,
Now,

A

1
0 n /;

= [sinx] can take only 3 values, -1, 0 or 1.
R = {-1,0,1}

2n -3n/2 T

() The denominator should never become 0.
= [x]#0 = x¢ [0,1)
Therefore, D = R-0, 1)
To draw the graph, we note that the
denominator is always a non-zero integer

-1/2

2 Wzn -
-1

Hence,R :l wherene Z—{0}
n

(/) The domain should now be obvious.
D = R-{-1}

To find the range, suppose we treatx + 1 asz, a new variable.

1
Then y=
Z

1
The Y= 5 graph on the y - z axis will be the same
1
asthe y = M graph on the y - x axis (obviously!).

1
Hence the range will be the same as the range of Y = ”

= R

R — {0}

e

FUNCTIONS




14

©

| ]

1
Lets draw the graph now. Consider Y =—.

X I
_ 1 AN
For a particular value of x, say x =k, Y=E. :

Ia— V1
1 1 |
Inthe new graphy = a1’ we see that the same output (y = E), \i

Fig - 27

will now come 1 unit earlier, thatis, atx = k— 1. This is true for all values of x. So the only
difference between the two graphs will be that the new graph will be advanced (shifted to the left),
by 1 unit

1
By asimilar logic, Y = 1 will be delayed by 1 unit.

Here, the domain has been defined explicitly asx >0, and we see that f (x) is defined for
all x> 0.

D = (0, =)
To find the range (and draw the graph), lets analyse the function f (x). Suppose x > 1.

1 1
Then — <1 and [—] =0
X X

1
Now let E< x<1

1 1 y
= 1<—<2and || =1 4
X X 4+
\We notice that when
34+ oo
1 1
— <X< —,
n+1 -n )+ o—e
:>n<—<n+1, 1+ oO— o
X
1 S R S
then X =nand soon 2354
Fig - 28

The range is hence the non-negative integers {0, 1, 2, ....... }
The graph is now easy to draw.
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(h) The function is defined for all x.

y

A
Hence D=R. y=cos x
1< <
Now we note that 1<cosx<l1 \ - /\ g
= 0<|cosx|<1 BN EANVEED

Hence, [| cos x|] can take on only two values, 0 and 1

R = {0, 1}

The graph is obtained as shown in the figures oy 0| oy 7 ), 2n >
(applying modulus function on any graph shifts y
the negative part into its exact mirror reflection ¥ =llcos x[]
(makes it positive of the same magnitude)). vl N
T n - |0 B 2r'x
Fig - 29
(1) This function is again defined for all x. y
D - R A
[cos x] has arange of {1, 0, 1} (as in part d) y=cosx
ANEWAANANE
-3, 7/, A 3/,
\_/ k| "\
Therefore,
y
y =[cos x]
L) }1 L)
cos X | has theran 1
oosx) st range .1 N SN
2n 3g om I n T3 2n
3 2 2 2
R={0, 1} O %1 S —

The steps in obtaining the graph are

<

) y =|[cosx]|
shown alongside.
® O | Q) ®
—— —— -
on 3m -m I b L S
2 2 2 2
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D=R
f(x)

() The domain is obvious.
X*+3x+2

Now,

, 9 1 3V 1
X“+3X+——= = [ x+=| —=
4 4 2 4

3 2
The firstterm, (X + 5 ) is always non-negative

2] 50
= 5| = 1 )
y=x
Hence 100 = [x+2 ] ~Ls-L N :
ence f(x) = > 1° 77 x -3/2
Therefore, the range is U
y

[_l
B 4’ 32

4-9 1/4
To draw the graph, we note that f(x) can be obtained from y = x2in the following steps

2 2
X2 I;j;t shift X +§ Down s.hift X+ = _l
unit sl/4 unit s
2 2 4
The last step will become more clear in the section on graphs.

Example — 3

1
Find the domainof  f(x) = \/
[X]* =3[x]+2

Solution: For f(x) to be defined, we require [x]> —3[x]+ 2 > 0 (note that it cannot be equal to 0)

= ([X]-1) ([x]-2)>0 = [xX]<lor[x]>2
x<1l orx>3

=
(Note carefully where to place the equality sign also, and where there will be a pure inequality)

= D= (=e1) U [3,)
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Example — 4

Find the domain of f(x) = log, log, log, log. x
Solution: By definition, logarithmic function is defined only when its argument is positive.
Here we have four ‘logs’. We start with the outermost log’s argument (log,). This argument should be
positive
= log, log, log, x>0
By observation (or by taking successive antilogs in the order base 3, base 4, base 5), we get

= log, log,x >3° =1

= log, x> 4 =4
= x>5 =625
Therefore, D =(625, )

Example — 5

Find the domains for the following functions.

> 1 : Va-x?
@ f(X) =X —1+m (b) f(x)—sm[ln[ 1 x ]]

Solution (a) Here we can see that f(x) is composed of two separate parts. The domain for f(x) should be such
that both parts of f(x) remain defined (real). In all such cases, we find the domain for both parts
(or there might also be more than 2 parts) separately. The final domain is the interval(s) common to

the domains of all the parts.

Applying this concept here,
= x*=1>0 = D, =(-e0, ~1] UL )
= X2 =5x+4>0 = D, =(-e0, 1)U(4, )
< , o > D,
3 2 1 0 1 2 3 4
- : o—t G D,
3 -2 1 0 1 2 3 )
< O O=p D
1 4
The domain for f(x), D=D,ND,

D = (—e0, ~1] U (4, )
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(b) Thisisanexample of acomposition of functions.

[The last question (Q4) was a composition of four ‘log’ functions]

Suppose we have a composite function z(x) = f (g (h(x)))

Its is helpful to visualise z(x) in the following manner:

X s| h h(x) 5| g g9(h(x)) S| f 2(x)

To determine the domain of z(x), it is intutive that we start from the rightmost side (or the outermost
function, f ) and analyse what values g(h (x)) (the domain for f ) can take; and then accordingly
what values h(x) {the domain for g} can take, and finally, what values x can take.

Visualising the example of Q4 in this manner, we get

X —| logs |[—2—| log, |[—2—| log, |—=—| log, =

We require y, >0 (the domain for the outermost function, log,)
This givesy, > 1 (the domain for log,) and so on.
Applying this concept to our current example, we see that the domain for the *sin’ functionis .

(ﬂ

Therefore,

Now, the domain for the “In’ functionis R™ (positive real numbers)

NIB'S

1-x

Hence we require >0

The numerator is defined for x € [-2, 2], the denominator for x # 1. Also, the numerator is always
positive (except when x =£2, when it becomes 0) (square root function yields non-negative
output by definition)

The denominator is positivewhen x < 1.
Therefore, x should satisfy the following conditions:

xe[-2,2] and x#1 and x#+2 and x<1
= D =(-2,1)

Following the lines of the solution above, find the domain for f (x) =In (sin(ex)) .
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Example -6

2_
Findthe range of  f(x) = o t2
X +X—6

Solution: First, we find out the domain. We require
X*+x—6 % 0
= X# =3,2
D=R-{-3, 2}
X—1)(x—-2 x—1
Now f(x) = —((x+3))((x—2)) = 53
(This cancellation is allowed if x # 2, which we have ensured in the domain)
x#2implies f(x)# 1/5
Now we write x in terms of f (x) (we will soon see why)
xf(x) +3f(x) = x-1
3f(x)+1
= X7 1t (x)
We require that x be real, for which the right hand side should be defined. This requirement will place
arestriction on the values that f(x) can take. For all the allowed values of f(x), there will exist a valid
value of x (a pre-image’ |, or an “inverse’). For unallowed values of f (x), there will exist no pre-image

or no inverse. Hence f (x) will not take on such values, or in other words, such values will not lie in the
range of f. In the expression above, we see that f(x) = 1.

Hence, therangeis R = R—{%, 1}

Note: The method above is a standard method to evaluate the range, if x can be written in terms of

f(x).
x =g(f(x)
The domain for g (the values for which g is defined) is the set of values that f can take, and hence, isthe
range of f,
Example — 7
Find the range of f(x) = M
g X —x+2
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Solution: For the domain, x2—-x+2 #0

2
x2 — x + 2 canberearranged as (x - %J +7/4 ,which is always positive

Hence, for no value of x is the denominator 0.
= D=R

To find the range, we find x in terms of f(x), as in the previous question, and see what values of f(x) will
make x real. Those values will form our range.

(We usey instead of f(x) for convenience i.e. y =f(x))
XY —Xy+2y = x2+x-1

= (L-y)x* +(L+y)x-(@1+2y) =0 *)

By the quadratic formula.

@) EJy) +AL-y)(L+2y)
2(1-y)

—(@A+Yy)+/-Ty*+6y+5

2(1-y)
Therightside is definedwheny#1and —-7y* +6y+5>0 = 7y*-6y—-5<0

3-2411 3+2411
- <y< -

Therefore, the values that y can take are

3-2411 342411
<y=s
7 7
These values should form our range. But we have to be a little careful here.y = 1 arises because the
quadratic formula gives (1 -y) in the denominator. Suppose that in the (*) equation itself, we puty =1,
reducing the equation to a linear one:

2Xx—-3=0 = x=3/2

This means thaty = 1 gives a defined value of x, or in other words, y =1 has a pre-image, x = 3/2.

[check this : f (%]:1)

Hencey =1 should also be in the range.

. [3—2\/1_1 3+2\/1—1]

7 7

and y=1
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Example — 8

Find the range for

1 2 2
(@) f(X):Z+sin3x+c053x 0) 1) =[xT-[x]
© f()=+va-x + Jx-b (d) f(x)=x*+3x2+4x+5
a>b>0

Solution In case of linear, quadratic and other simple functions, we can expressx in terms of f (x) and find the
values of f(x) for which x is defined (These values form the range)

We did so in the last two questions. However, this expression is not always easily possible. So we have
to find other ways that could yield the answer more easily:

1 1
@ () =21 sin3x+cos3x 2+~/2sin(3x+7/4)

The denominator can vary from 2—+/2 to 2++/2 because -1 <sin@ < 1

(The denominator isnever 0 and henceD= R )
Therefore,

1 1
iz STW0<5T 5

(b) Letxbeexpressedas |+ fwhere I isthe integral part and f the fractional part of x.
fO) = [(1+ ) ]=12=[1"+f*+21f]- 1> =[f?+2If]

Alittle thinking will show that the right side can take on any integral value, whether positive, zero or
negative.
(Try out some examples: for x=0.5, f(x)=0 ; for x =-0.5, f(x)=-1

for x =100.9 f(x)=180; forx=-100.9 f(x) =-21)

Also assume any value for f(x) and see whether you can find a corresponding value for x)

{you could also note that the difference between x* and [x]* can be increased arbitrarily in
magnitude due to the term 2If (which contains I). Try visualising this in the form of a graph}
Hence, f(x) can take on any integer value.

i.e. R =7 (thesetof integers).
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(c) Forthe domain, werequirea—x>0 andx-b>0
= D=[b, a]
Fortherange, let y =f(X) = \Ja—x +/x—-b

We see that y > 0.
Observe the expression for f(x) carefully. The expression is ‘symmetric w.r.t ‘a’ and ‘b’. This gives

) _ a+b )
us a hint that f(x) should attain an extremum at X = - (We can of course, prove this)

At x=a, f(x) = Ja—=b
X=D, f(x) = Ja-b

X = aT+b f(x) = \/2(a—Db)

Hence, the observation of some symmetry in the expression directly allows us to write the range as
R = [\/a—b,\/Z(a—b)]

Still not convinced about the symmetry part? Consider

gx) = (x—a,)* +(x—a,)* +........ +(x—a,)’
Obviously, the maximum for g (x) is unbounded. What is the minimum, and for what value of x

. _ i . a+a,+..+a, L
is it attained? Symmetry in the expression hints thatx . = . Lets verify this.

9(x) =nx® —2(a, +a, +....+a,)X+a +a; +.....+2
=px>+gx+r Wwhere p=n, q=-2(a,+a,+..+a,)
r=a/+a +...+a’
From quadratic expressions, we know that this expression is minimum for

—q I . . a+a,+...+a
X :2_p , (verify this), which for this case, becomes

Symmetry directly tells us the answer.
In our original question, suppose you want to solve it analytically

y=+a-x++x-b

Squaring and rearranging gives
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y? =(a-b)+2/(a-x)(x-b) >a-b

always positiv e

=y>Jasb (i)

Now y®—(a-h) =2,(a—x)(x—b)

Squaring and arranging in the form of a quadratic inx gives

Ax* —4(a+b)x+y*—2(a-b)y*+(a+b)* =0

Since x is real, the discriminant for this equation should satisfy D > 0 (This givesa constraint ony,
or the range, as in the earlier cases)

= (a+b)> >y*-2(a-b)y*+(a+b)?

= y? < 2(a-b)

= y < \/m ..... (i)
Combining (i) and (ii) gives R = [\/a—b,\/Z(a—b)]

(d) Although the expression for f(x) look a bit complicated, we can at once determine the range as
follows.

As x increases (or as x — o), f (x) will keep on increasing in an unbounded fashion ( f(x)— oo) .
Similarly, as x decreases (or as x — —eo), f(x) will keep on decreasing in an unbounded fashion

(or f(x) = —e0)
Also, since f (x) is a polynomial function, it is continuous (and hence will vary continuously).
Hence, f(x) will vary between —eo and +oo

R =R
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TRY YOURSELF - |

1. Find the domains for the following functions:
£ (x) = 1
@ = X -1 (b) f(x)=+/sin?x-1
© f(x)=In(sin(Inx)) @d f(x)= Zox1E
4
€ f(x)=vx—x2+y3x—x>-2 V) f(x):log(%]
3 \V6X—Xx* =5
© 0= G costx W H0="g=
2. Find the domains and the ranges for the following functions.
(Try drawing the graphs, if you can)
@ f(x)=+-cos?mx (b) f(x)=+v2—x+1+x
© =1 +XX2 (d) f(x)=v1-x2
© fx)=[x’] ® =[x
2—x+1
© 100=\03-[x] ) 10)=5—
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Section - 4 MAPPINGS: FUNCTIONS AS MAPS

Maps are a convenient way to visualise functions, or more generally, the association between two sets. A map
relates one set to another using some rule. For example, suppose the ruleis,y =f(x) =x2Set A = {1, 2, 3,4}
SetB ={1,4,9,16}

We can show this as a map.

The elements in set B are the images of the elements of set A
under the action of f.

Set A would be called the domain of f {the set of all input
values}, and set B the co-domain of f{the set in which the
output values lie}. Here, the co-domain is the same as the
range {precisely the set of all outputs}, but in general, range
would be a subset of the co-domain

Range < co-domain.

For our purposes, co-domain is not of much significance. It is more of a matter of convenience to specify the co-
domain.

Suppose | want to talk about f(x) =./a—x ++/x—b, @>b>0 (the function we analysed earlier). Note that

the domain is [b, a]. The output will obviously be real and positive (This much I can tell just by looking at the
definition of f(x)).

Hence, | could specify the definition of f as

f:lba] >R" f(x)=va-x++x-b
I

Domain co-domain Definition
(o range)

As we can see above, co-domain just tells us that all the outputs will lie in it. The exact set of outputs (the range)
will lie in the co-domain, and will be its subset.

We know that the range for this f () is [Va—b, \/Z(a —-b)]

Therefore, | can also specify fas

f: [é,a]—)[/a—‘b, /2 (a—b) ] f(x):A—x + /b
/

Domain co-domain
(=Range)

In this definition, co-domain is the same as range. Note that co-domain can be at the most equal to range
(notsmaller).

The map in the figure above is an example of a one-one and onto map. Let us see what this means, and what are
the various possible kinds of maps.
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6

(A)

ONE-ONE/MANY - ONE
One-one implies that each element in the domain set is mapped to only one element in the co-domain

set, that is, no two inputs map to the same output.
| I | < | not one-one

one-one one-one (many-one)

The one-one condition can be written mathematically as
f(x) =f(x,) ifandonlyifx =x,

This, stated in words, says that two outputs from f can be equal if and only if the corresponding inputs
to fare equal.

If f(x)= f(x,)doesnotimplyx =X, then the function is many-one. Therefore, givenf, we can find

whether its one-one or not by solving the equation f (x,) = f (x,) . Ifthis equation yields x, =x,, then
fis one-one else not. As an example, consider f(x) = x2. Is this one-one, or many one?

Solving f(x)=1f(x,) = X=X
= (4 +X%)(%—X%)=0
= X=X 0or X =-X
Hence f (x,) = f(x,) does not uniquely imply x, =x, (Because another case exists, X, =X, )
Forexample f (3) = f(-3) =9 (One output for two different inputs)
Hence f(x)=x’ is many-one

Onagraph, thisimplies that if we draw any horizontal line, and it intersects the graph at the most once,
then it is one-one, else it is many-one.

Many -one

one-one X=X but f(x)=f(x,)=y
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7

Note:

One-many or many-many maps also exist but they are not functions. A function implies that each
element in the domain is associated with one and only one element in the co-domain

4

i

1
v Vv

o ¢ ¢
\\_
/

\

one-many Many -many

For the graph of a valid function, this implies that if we draw a vertical line, it should intersect the graph
at the most once. Otherwise, it is not a function.

‘): ) X“"*'yZ:] V>
y=x A 1
» X

y=1w) \ xi .
/ / \ / .

(B)

>
» X
- 7 N
not a valid function

y=+/1x

valid function valid function

each value of x gives two
corresponding values of y .

INTO/ONTO

Look carefully at the three maps below. The first and the third are many-one, while the second is
one-many.

Any other differences? For the first two maps, each element in the co-domain (setB) is “covered’, that
IS, associated with some element in the domain (set A). For the third map, one element ({f}) in the
co-domain is ‘left out’ (is not associated with any element in the domain, or in other words, does not
have a pre-image). The first two maps are onto while the third is into.

Stating formally, an onto map is a map in which the range (the set of all images of the elements ofthe
domain) ‘covers’ the entire co-domain, that is, Range = Co-domain.
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If Range — Co-domain (like the third map above), then it is an into map.
An example will make all this more clear :

A R>R

Domain Co-domain

f(x) = x?

The range is the set of all non-negative numbers, as x> > 0.
Hence, Range — Co-domain and the function is into
JiR—>[0,00)  f(x)=x?

Domain  Co-domain

Here, Range = Co-domain and the map is onto.

Example — 9

X+1
Is f(X)=——= one-one or many-one?
X+ 2

Solution: As described earlier, solve the equation f (x) = f(x,)

X +1 Xx,+1
= x1+2_—x 42 = XX, +2X + X, +2 =X X, + X +2X, +2
2
= X =X,

= The function is one-one.

Example — 10
x?—8x+18
Is f(X) =——————— one-one or many one?
s 1) x*+4x+30 y

Solution: Againsolving f (x,)= f(x,) gives

x> —8x +18 X’ —8x,+18

X2 +4x +30 T X2 +4x,+30

= AX X, +30x7 —8x, X5 — 240x, +18x’ + 72X,
=4x, X5 +30x5 —8%7X, — 240X, +18%} + 72X,
= 12X1X2(X1_X2)+12(X1+X2)(X1_X2)_312(X1_X2):0

= (X1_X2){X1X2 +X X _26} =0
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Weseethat f (x,) = f(x,) doesnotuniquely imply x, = x, , since the quantity in the braces could also
be 0.

Hence, this function is many-one.

Example — 11

Avre the following functions into or onto ?

@ f:R->R f (x) =sin x
() f:[-L1]—>[01] f()=x
© f:(0, =) >R f(x)=Inx
d) f:(1,x)>R f(x)=Inx

Solution: (@) The range for the sin functionis [-1, 1]. The co-domain has been specified asR.

Hence, f isinto

(b) Forthe specified domain, the range is [0, 1], same as the co-domain. f is onto.

(c) Fordomain (0, =), In x can take on any real value (refer to the section on standard functions).
f is onto.

(d) Forthe domain (1, <), Inx achievesa minimumatx=1, (In1=0)
Hence In x> 0 for the specified domain, i.e., the range is (0, =)
fisinto

Example — 12

. x if x is rational 0 if x is rational ;
= . N = Is f— g one-one or many-one? Is it
Consider f(x) [0 i i 1rrat10nal] g(x) [x i ris irrational] s f—g one-one or many-one? Is

onto or into?

Here co-domain has not been specified

x if x is rational
explicitly, so assume it to be R

—x if x 1s 1irrational

Solution: (/—2)(x) :[

A little thinking shows that each input is assigned to only one output.
Hence, f—g isone-one

Also, every real number has corresponding pre-image. For example, the pre-image of V2 is -2 ,0f
—J2 is \/2 of 3/5is 3/5 and s0 on.
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Hence, f—gisonto

If you are not convinced, think of this in the following way. Suppose you construct an axes with two
‘rational lines’ instead of two real lines. These two lines contain all (and only) the rational points. What
will (f—g)(x) look like for this axes?

(f—g)(x)= x if x isrational

(F-2)(x) =x
For the rational axes, (f—g)(x) is
one-one and onto .
Doing this for an irrational axes gives us the following graph.
For the irrational axes, (f—g)(x) is A
one-one and onto.
(f - 2=

Now superimpose the two axes, and you get the normal real axes. (The rational and irrational lines
are exactly complementary. They do not overlap and together they form the real line)

The two parts of (f—g)(x) are separately one-one and onto. When you combine them, the resultant is
obviously also one-one and onto.

Hence, f—gisone-one and onto.
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TRY YOURSELF - 1l

Q.1 How many distinct linear maps, map [-1, 1] onto [0, 2] ?

Q.2 Analyse the following functions for being one-one/many-one and onto/into.
@ f:[0e) >R  f(x)=x"+3x+2

(b) f:[0,00) > [0,00) f(x):HLX

Section -5 EVEN / ODD FUNCTIONS

Afunctionisevenif f(x)= f(—x). Thismeans that the function is the same for +ve x-axis and —ve x-axis, or
graphically, symmetric about the y-axis

For example, f(x)=x"iseven

Afunction isevenabout ‘a’ if it is symmetric about the line x = a. For example, f (x) = (x—1)* isevenaboutx=1.

y
3 y=(e-1)’

RN

For suchafunction f(a—x)= f(a+Xx)

Afunctionisoddif f(x)=-f(—x),thatis, the function on one side of x-axis is sign inverted with respect to the
other side or graphically, symmetric about the origin. v

' N

For example, f(x)=x* isodd.
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Asintheevencase, f(x) canbe oddabout ‘a’. Forexample, f(x)=(x+2)* isodd aboutx =-2.

A function can also be neither even nor odd.

Forexample, f(x)=x>+x%, as f(x) = f(-x) and f(x) #— f(-x)

Section - 6 INCREASING / DECREASING FUNCTIONS

Afunction f(x) isincreasing if f increases as x increases.
fx<x, = f(x)<f(x,) functionisincreasing
f(x)< f(x,) functionisstrictly increasing
Afunction f(x) isdecreasing if f decreases as X increases.
If x,<x, = f(x)="f(x,) function is decreasing

f(x)> f(x,) function is strictly decreasing

A y
T 1 y=hd
———-oO0
——-oO0
» X O » X
—0
——-oO0
increasing
strictly increasing
) y
y=x 4 y=e

strictly decreasing on (—0,0]

strictly increasing on [0, ) strictly increasing on [—oo, 0)

If x, <x,and f(x)= f(x,),canfbe increasingon [, x,]? Strictly increasing? Decreasing? Strictly
decreasing?.
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Section -7 PERIODIC FUNCTIONS

We have seen in the section on standard functions, that some functions, like the trigonometric functions, are
repetitive in nature, that is, they repeat after every fixed amount of change in their argument. Such functions are
called periodic functions. A periodic function should satisfy

f(x+T) = f(x) foreveryx (T isaconstant called the period of f).
The smallest such positive value of T is the fundamental period.

For example, sin x has periods 2r,4r,67,—-4r,2nm etc. but the fundamental period is 2. The function

f (x) ={x} isalso periodic with a fundamental period of 1. f (x) = tan x is periodic with fundamental period r,
and so on.

Note the following facts about periodic functions:
(@ If f(x) hasperiodT,then f(kx) hasa period T/|k|. Thisis

T
because f(k(Hmn = f(kx£T) = f (kx).

For example, sin 2x has period 2n/2 =1t

1
{nx} has a period -

(b) Considera function of the form z(x) = f (x) £ g(x) £h(x) +....... .

The fundamental period of z(x) would (generally) be the LCM of the individual periods. Why?
Suppose two persons A and B start moving from the point 0, towards the right, in steps. A’s step
is 3units long. B’s step is 7 units long. Atwhat point will their positions coincide ? Obviously, LCM
(3,7) =21

B%\_/W

The same reasoning applies to the periods of functions

The LCM of the periods of two (or more) function is the first time when the two (or more) function
start to repeat simultaneously, and hence the combination of these two (or more) functions start to
repeat.

For example, f (x) =sinx+cosx has a period 2x {LCM (2r, 2m)}
. . 2r 2w T
g(x)=sin4x+cos6x has a period n{LCM(T,?) =LCM 53
h(x) =|sinx| has a period 7. (Its easy to see why. Visualise the graph)
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z(x) =|sinx | +]|cosx |is, although periodic with period t{LCM (=, )}, but the fundamental
n
period is EX (\erify). Hence, the LCM rule is not applicable everywhere.

Consider y(x) = a|sin x| +b| cos x |. What is the fundamental period?

Think carefully and you will realise that the answer depends upon whether a=b or a=b.
Ifa=Db, then y(x) =a(|sin x| +|cosx|) and the fundamental period is /2, as you just saw.

If a b, then the fundamental period is .

Similarly consider v(x) =| sin nx |+ | cos mx| .

Since | sin x| is periodic with 7z, |sinnx|is periodic with it/n | cos mx | is periodic with /m .

Hence, v(x) is periodic with LCM (1,1).
n m

(Evaluate this LCM for a few examples, likem=2,n=4orm=3,n=7).

Section - 8 INVERSE OF A FUNCTION

The inverse of a function f(x) is a function g(x) such that if f maps an element ‘a’ to an element ‘b’, g maps ‘b’ to ‘a’.

In more formal terms, g (f (x)) =x

That s, g reverses the action of fon x.

x—| f |—¥ 5] g X

An inverse cannot exist for every function. To see why, consider f : A — B where A isthe domain and B the co-
domain. Consider the following maps:

(@) This is an into map (into function). If we take the ‘inverse map’
(fromBto A, using the same “links’ as inf), we see that the element
‘g’ cannot be assigned to any element in A. In other words, for
an into function, some values in the co-domain are ‘left out’,
and their ‘inverses’ do not exist.

4 B = We cannot defined an inverse for an into function.
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@)

(b)

This isa many-one map (a many-one function).

If we take the inverse map, the element ‘e’ will be assigned to two
elementsin A, thatis, ‘a’ and ‘b’.

Hence, the inverse map cannot be a function.

= We cannot defined an inverse for a many-one function.

From this discussion, we conclude that for a function to be invertible, it should be one-one and
onto (also called a bijective function).

S
a e
b e Se [
ce® >8 g
d h
A B

As s intuitively clear, we can easily define an inverse for the map above.
(fi(e)=a, f(f)=b, f(g)=c, f(h)=d).

Lets try to define an inverse for some of the functions that we have seen up till now.

fx)=x R-oR
\We see that this function is one-one and onto. The inverse exists.
f'(x)=x R—->R.

fxX)=x2 R-oSR

This function is many-one and into. (why?). To define t@e inverse, we first need to makef one-one
and onto. 16 & fo)=x LN fo)=x
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We see that to make the function one-one, we can select the domain as only [0, ) (instead of R).
In this domain, the function is one-one, as is clear from the second diagram above.

Also, the range is [0, «). Therefore, redefine this function:

f(x) = x* [0,00) — [0, )

This function is now one-one and onto, and hence invertible
f(x) = Jx [0,0) — [0,00)
B A

" =X fi)=x Additionally, note that if we draw the graph of Jx andxzonthe
S - sameaxis, they are mirror images of each other inthe linex =y.

T (Aswe saw inthe caseof f(x)=Inx and f*(x)=¢").

Alittle thought will show why f and f ~* should be mirror images in the mirror y =x.
Inthe equation y = f (x), x can be treated as the independent andy the dependent variable.

Inthe equation x = f *(y), we can reverse the roles. We can treat y-axis as the independent
variable axis

y y=f (x)=x’ y x=f" )=y
view from
here .

(considering y
—
the independent variable)

!

view from here
(considering x as the independent variable)

By convention, the independent variable is taken on the horizontal axis. Therefore we convert this

horizontal view (the second diagram above) into a conventional vertical view. How? By taking the
reflectioniny =x.
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A
x=y

view from

hfre for y=J7
A Reflection about

y=x
» X » X
view from here
for [

© f()=sinx R [-1,1]

This function is onto but not one-one. Lets make it one-one first. Select that interval as the domain,
in which sin x remains one-one.

N

a
&

¥

Bl
wola

In other words, we redefine f as f (Xx) =sin x [_%,E] —[-11]

2

(we could have taken any other interval in which sinx remains one-one, to define the inverse. But

T T
conventionally, we take the interval closest to the origin; [_E , E] in this case, which is centred
onthe origin). The inverse can now be defined as:

T T
f*x) =sin'x  [-11] — [—55]

A

I
2

Draw the graphs for cos™ x and tan™ x, after first defining these functions appropriately.
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Example — 13

Check whether the following functions are even or odd.
(@ f(x)=sinx—cosx

X +§+1
-1 2

() f(x)=

eX

© f(x)=3A-x) +3(1+x)

Solution. (8) f(—x) =sin(—x)—cos(—x) = —Sin X — COS X
We see that f(—x) = f(x) and f(—x) # — f(x)
Hence, this function is neither even nor odd.

X

-X X xe* X
b) f(-x) = -—+1= -—+1
®) 10 =177 -1 2
:&4—1 - w_pl = XX +§+1:f(x)
2(e* -1 2(e"-1) e'-1 2

Therefore, this function is even.
() f(-x)= f(x),whichisobvious justby observation.

This functionis even.

Example — 14

If the function fsatisfies f (x+y)+ f(x—y)=2f(x). f(y) ¥ x,ye R,and f(0) #0, prove that f (x) is even

Solution. Substitutingx =y = 0,
we get 2 (0)=2f(0)*> = f(0) (f(0)-1)=0
Since f(0) #0, wehave f(0) =1

Now substitute x=0
toget f(y)+ f(-y) =2f(©0)f(y)=2f(y)

= f(y) = f(-y)
=f iseven.
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Example — 15

If fis non-periodic and g is periodic, what can you say about f (g(x)) and g ( f (x))?

Solution. Suppose g has a period T,.
Then, f(g(x+T)= f(g(x))
because g(x+T) =g(X)

Therefore, f (g(x)) is periodic with period T.
g (f (x)) will not be periodic in general. But suppose f (x) is a linear function, that is, f (x) = ax + b.

g(f(x)) = glax+b)
This is periodic with period T/ | a |, since g(x) is periodic with period T. (verify)

Example — 16

What are the periods for the following functions?

(@ f(x)=sin2x|+|sin3x]|
(b) f(x)=sin* x+cos* x
© f(x)= 2cosX_T”
(d) f(x)=sin’zx
Solution: (a) The period for | sin x | is &. Hence, the period for | sin 2x | is ©/2 and for | sin 3x | is /3.

The period for f (x) is LCM (%%J: .

(b) sin*x and cos* x are periodic with period 7.
Hence f(x) should be periodic with period LCM (wt, m) =7t

But consider f(x +% )z sin’ (x +% )+ cos’ (x +% ]: cos’ x +sin* x = f(x)

The fundamental period is therefore not « but m/2.
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(c) Thisisan example of the case discussed above, {g ( f (x)), where g is periodic and f

non-periodic but linear}. The period is 6.

2¢0s (x+br)-m =2cos| 2= 427 |=2cos| 2=
3 3 3

(d) Thisis periodic with period 1, since

sin’ r(x+1) =sin®(rx+7m) =sin’x.

Example — 17

Prove that if f isincreasing, fisincreasing and if f isdecreasing, f ™ isdecreasing.

Solution: If f isincreasing, then x, < x, impliesthat f (x,) < f(x,) or y, <y,

Now, just reverse this argument.
For y, <'y,, we should have x, < x, (from above).

Hence y, <y, = X, < X,, Whichisequivalentto f*(y,)< f *(y,)

<Y, = ()< F7(y,)
= ftisincreasing.
The decreasing case can be proved similarly
Note: For students who are not convinced, read the following:
(1) Visualisefin the form of amapping. Iff isincreasing,
increasing values of x will map to

Increasing incrgasing value_s ofy_. The reverse will
y obviously hold (if fisinvertible).

Increasing
X

Hence f ~* will be increasing

Increasing
X

Increasing
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(i) Consider two statements P and Q, where P implies Q, i.e., P= Q.
Therefore, not (Q) = not (P)
For example

(Dark clouds are forminginthesky) =  (Itis about to rain)
(Itisnotabouttorain) = (Dark clouds are not forming in the sky)
Letsapply this to our case. Since fis increasing.

X <X, = y,<Y, (wherey=f(x), x=1f7"(y))

Hence not (y,<vy,) = not(x <X,)
or Yi>Y.= X% >X%
or Yi>Y,= 17> 17(y,)

Hence, fisincreasing.

Example — 18

If f(x)=sinx+cosx and g(x) = x> —1, then find the interval inwhich g ( f (x)) isinvertible.

Solution: g ( f (x))

g(sin x+cos x) = (sin x+cos x)* -1

1+2sin xcos x—1=sin 2x

T T

T T
We have seen that sin x is invertible in [_E ' E] . Therefore, sin 2x will be invertible in [_Z ' Z] )

In fact, any function is invertible in all such intervals where it is one-one and onto. sin 2x will be

T T
invertible in infinitely many such intervals. But [— rE Z] can be considered the basic invertible domain

for sin 2x since this interval is centered around the origin.

Example — 19

If f(x+y)=f(x).f(y)¥realx yandf(0)=0,then prove that the function f (x) :% IS an even
1+(f(x)

function.
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Solution. Asin Q14, we firstsubstitutex=y=0toget f(0)=1 = f(x)= %
—X

(Note that the approach in such questions is always to try out some sample substitutions that yield
significant results).

1
Now f(—x)=— X T 109

1+(f(-x)) 1+ 1 1+(f(x))
f(x)

Hence, f(x) iseven.

Example — 20

Let f be a real-valued function with domain R. Now, if for some +ve constant ‘a’, the equation

3
f (x+a) =1+{2—3f(x)+3(f(x))z—(f(x))s} holds good for all x € R, prove that f(x) is a periodic

function.

Solution. To prove that f is periodic, one needs to show that f(x + T) = f(x) for some +ve constant T. The
equation in the question should give us such arelation,

Although at first sight, this equation seems complicated, a little thought shows that this equationis justan
expanded version of the simpler equation:

f(x+a)= L+{1+@-F0)°}
Thisimplies (f(x+a)-1) = 1+(1- f(x))

= (f()-1) +(f(x+a)-1)" =1 .. (D)
To proceed, we can substitute x + a for x, since the equation is valid for all x.

= (f(x+a)-1) +(f(x+2a)-1)" =1 .. (i)

Substitution of (i) in (ii) yields f(x + 2a) =f(x)
Therefore, fis periodic with period ‘2a’

FUNCTIONS




TRY YOURSELF - Il

Q.1 Let fbe a real valued function defined for IR, such that for some a > 0, it satisfies.

f(x+a) :ng(x)—(f(x))z

Prove that f(x) is periodic
Q.2 Graphthe function f (x) =/{2x} and find its period ({.} denotes the fractional part of x.)

Q.3 Let f(x,y) beaperiodicfunction satisfying f (x,y) = f (2x+2y,2y —2x)¥Xx,y. Define
g(x) = f(2*,0).Show that g is periodic and find its period.
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