Section - 9 GRAPHS

In this section, we will discuss graphs and graph-plotting in more detail. Detailed graph plotting also requires a
knowledge of derivatives. Here, we will be discussing some general issues related to graphs. Graphswill be
discussed again later in the section on differential calculus.

Up till now, we have discussed some standard functions and their graphs. We have also plotted graphs for other
functions that are some variants of the standard functions.

Lets formalise all that discussion here. Given the graph ofy = f (x), how will you draw the graphs of

(@) y=—f(x) (b) y=1f(-x)
© y=|f(x) (d) y=f ()
© [yl=f(x) () y=f (x)k
@ y=f(x£k) (h) y =k (x)
i) y=f (ke

[a] y=f(x)toy=—f(x)

This part is the easiest. We just flip the graph about the x—axis so that positive values become negative and
negative become positive.

/—y:f(X) y=4®
flip about /\

y=sinx y=-sinx

/\ /\ / o Alip about /‘\ /\ g
\/ T 0 717\/211’, the x—axis —Zn\/n 0 T 27[',\—

FUNCTIONS




45

[b]

[c]

y=f(x)toy="f(-x)

To draw y =—f(x) fromy =1 (x), we flipped our original graph about the x—axis. What should we do to
draw the graph of y =f (—x)? Flip the graph about the y—axis. This is obvious once you realise that any
value of y that was initially associated with x (i.e y = f (x)) will now be associated with —x,
(i.,ey =f (= (=x)). For example consider y = x3. At x = 2, y = 8. In y = (—x)?, what value of x gives
y=8 ? Obviously, x =-2

[flip about

2 the y—axis -2

Note that in this particular case,y =—x3 can also be obtained as in part [a], that is, by flipping the graphs
about the x-axis. This is because —(x)* and (—x)* are the same.

y="f(x)toy=|f(x)

The modulus function gives the magnitude of its argument (and returns a positive output). In other words,
wherever the graph of f(x) lies below the x-axis (that is, wherever f(x) is negative), the modulus function
will make it positive), of exactly the same magnitude, or put differently, will take a reflection ofthe negative
part of f(x) into the upper half of the axes.

y =/l

Reflect above
the axis

y =|sin x|

EANEY N 2 T 0| & Tt op
2/ 2 2 2 ],2 2
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[d]

y y

h

v =|x"+1|
(no change)

»
»
»

» X » X
y y
A [x] A |[x]|
2 *——o0 ——o0 2 ——o0
1 —o o—0/ e—o
S 0 1 2 5 7 LRVERY) IR A R R
o—20-/
*—o0 2

y=f(x)toy=f(x)

Consider the equation y = f (|x|) carefully. Inthis equation, the input tof is only positive.(Even if you
input negative values for x, the modulus function reduces it to a positive value.

—X

\
/

X

[x]
M ]—

Also, we see that the input (x) and (—x) give the same output. How should we obtain the graph? Inthe
graph of y =f(x), first discard the part that lies to the left of the y-axis. This part of the graph has no use
now since the input to f (argument of f, or the independent variable) takes only positive values. After
discarding this left part, take the reflection of the right side of the graph into the left side. (Because the
output of f is same, whether the input is x or —x). The examples below will make it clear:

0

y=r(x1)

_— -/
Discard the
AN

Take \
reflection

/

\ /] >

—_—
left part

Py

» X
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(i)

, y=sinlx|

»
»

<
»
»

4

y=sinx

1 1 1
/\ K Discard the / Take \ - b3 K
> x P>
- -t Jlo = T\ 3n /2=% 4 L T\ 3n /2% i mof T
\./ 2/ 402 \.7/ feftpart of 2°\g/ 7 " reflection 2 | 2

(i)
y y y
A yv=[x] A A
2 —o 2 o—o o—e 2 —o0
1 *—o0 It —o0 o—e / —o0
Discard the Take
¥ : O + +—p X + + +—p X + + o + — X
2 -1 0 1 2 3 left part -1 0 1 2 3 reflection 3 -2 10 1 2 3
o—o0-/ _1+
1
—o 2
(iv)

Discard the Take

left part reflection

[e] |y="f(X)toly]=f(x)

If you’ve understood the case for y = f (|x|), this should not be very hard. You can approach this problem
in any of the following ways:

* Indrawing y = f (|X|) , we discarded the left part of the graph y = f (x) and took a reflection of the

right part into the left part. Here, the modulus function is ony. What should we do? Discard the lower
part and take the reflection of the upper part into the lower half of the axes.

* Inthe equation |y| = f (x), the LHS is non-negative, so f (x) necessarily needs to be non-negative.
Hence, wherever f (X) becomes negative, we have to discard that part, that is, we have to discard that

part of the graph that lies below the x-axis. Also, if (x_, y,) satisfies the equation |y| = f (x), (x,-y,)

also satisfies this equation, or in other words, if (x, ,y,) lies on the graph of |y| = f (), (x,,~y,) will
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also lie on this graph, or the graph will be symmetrical about the x-axis. Therefore, to obtain the graph

of |y| = f (x) fromy =1f(x), we discard its lower part and take a reflection of the upper part into the

lower half of the axes.
rF 3 A A
[yI=f)
/ yeIe / /‘
\ / . Discard the \ / o Tuke \ / 5
\_/ lower part reflection / \\
Yy y )
A A s
y=sinx | y|=sinx

1 . 1 1
/\ /~k X Discard [I’I\E /\ /\ S x Take A '2“/\ /\ S5 x
-2n 0 TC\/ZTC i . g 2n - 0 T 2n " Treflection’ - 0 T 2 31
\/ -1 lower part -] - \./ N, 1%\_/

A Y y

y=1[x] A 4 [y1=[x]
2 —o 2 — 24 —o

14 o—o0 Discard 14 o—o0 14 Ps o

the Take a
: i 3 —py =——) + —> X : : o . —p X

-2 -0 1 2 3 lower 0 1 2 3 reflection -2 -0 1 2 3

—o0 part It —o
——o0 -2t o——o

Discard the Tuke a

lower part reflection

(Same )
No Lower part

Note that the equation |y| = f (x) does not represent a function since it becomes one-many. It represents
a dependence between xand y.
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[f] y=f(x)toy="f(x)£k

Here, we are adding (or subtracting) ‘k’ units to the value of y for every point x, or in other words, we are
incrementing or decrementing the value of ‘y” by the same amount everywhere. For a graph, we are
shifting it upwards or downwards while exactly retaining its shape.

A
A
y= x1+1
y=x
shift 1 unit

» X > » X

upwards

y=x y=x-1
shift 1 unit \ /
» X

downwards

/]
\

. 1
Draw the graphs of [x]£1, {x}£2, and sin x> byyourself.

[q] y=f(x)toy=f(xxk)

1
Recall that we’ve discussed one such case earlier where we drew the graphs of y = il from the graph

1
of y=—.
X

This is elaborated again here.

Consider the graph of y = f (x). Assume a particular value for x say x, and for this value, suppose y takes
the valuey,. Thereforey =f(x). Now considery = f (x + k). For what value of x will I get the output
as y,? Obviously, x = x, -k, because y, = f (x,) = f ((x,— k) + k). Hence, the outputy  will now come
‘k” units earlier on the graph. This argument s true for each value of x (since x is arbitrary here). Hence
the entire graph will appear ‘k” units earlier on the axes, or, as is standard terminology, advanced, k units
to the left. Similarly, the graph of f (x—k) will be delayed, k units to the right. Obviously, if k is negative,
f (x + k) isactually shifted to the rightand f (x—k) to the left. Some examples will make this clear.
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0]

[h]

y y
a A
y=(+l)
y=x
shift 1 unit
» X » X
t0 the left -1
y
y A
A
: v=61)
y=x
shift 1 unit
p X _ S > x
to the right 1

Shift 0.5 units

to the right
y
y 3 ——0
y=0K
2 — 2 y=[x+2]
—o0
Shift 2 units
+—p X > ' + + > X
1 2 3 3 2 70 1 2

to the left

y="f(x)toy=kf(x)

Supposey = x? is our original graph and we want to draw the graph fory = 2x2. What is happening? The
value for yis increasing (being doubled every where). But this increase is not uniform. Hence there is no
uniform upwards or downwards shift. Also, we can see that there is no left or right shift. e can infer that
the graph does change but not inthe form of a “shift’. It “stays” where it is. Ify = 0 for some x on the graph
y =1 (x), itis also O for the graph y = kf (x). The zeroes of the function (or the graph) remain the same.

Every where else, y increases or decreases in magnitude depending on whether |k| >1lor |k| <1

We can say that the graph expands or compresses in the the y —direction.
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The zero of
v =f(x) remains
the same (x = 0)

The zeroes for haoth
y=titsny
are the same asthe

zeroes for p = sin x.
(frm}, n=d)

The graphs get
'comupressed though
ance| k| = %<1

for p = & sinw, the graph
dzo gets flipped

If it is helpful, think that some fictitious mathematical creature is stretching or compressing the graph of
y =1 (x) to obtain the graph of y = k f (x), depending on the value of k (This creature will also be flipping

the graph about the x—axis ifk < 0.)

Draw the graphs of +2[x], + %{x}yourself.
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[i] y=f(x)toy=f(kx)
Lets consider a particular value of k to make things easier. Take k = 2. For our original function, suppose
X, gives the outputy,, that is, y, = f (X, ). Inthe new function, y =f (2x), at what value of x will the

output be y,? Obviously, at x,/2 sincey, =f(x,) = f [2(%)) Hence, as in the case y =f (x + k)

where the same output came k units earlier, in y = f (2 x), the same output will come at half the original
value: our mathematical creature will compress the graph along the x-axis ‘by a factor of 2.

y=sin2 x

y=sinx

ol
>
~
NG
[Ny}

What will happen if k = 1/2? Our being will stretch the graph by a factor of 2.

X
y=sin—y y=sin x

> x
T 3n 2n 37t\
2 -

Q‘
a
~. (%Y
vl
a
of4
S

Rl
B

What will happen if k =—-2 ? Our being will first compress the graph by a factor of 2 and then flip it about
the y—axis (see part b). Or he can flip it first and then compress it.

{f(x)> f2x) > f(=2x) or f(x)> f(-x)—> f(-2

Try drawing the graphs of cos (%3 ] [2x], log (g)
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SUMMARY
Q) y=f(x)toy =-f(x) . Flip about the x—axis
2 y=f(x)toy =1 () . Flip about the y—axis
B y=f(Xtoy= ‘ f (x)‘ . Reflect the parts of the graph that lie in the lower half

(negative parts) into the upper half of the axes.

@ y=fe)toy="f(|x]) : Discard the left part of the graph (for x < 0) and take
areflection of the right part of the graph into the left
half of the axes.

(5) y="f(x)to|y|=f(x) . Discard the lower part of the graph (f(x) <0) and
take a reflection of the upper part of the graph into
the lower half of the axes.

6 y=fXtoy="fX+k . Shiftthe graph |k| units upwards or downwards

depending on whether k is positive or negative
respectively.

(7)  y=fXtoy=Ff(x+k) . Advance (shift left) or delay (shift right) the graph by
|k| units depending on whether k is positive or
negative respectively.

B) y=f(x)toy=kf(x) . Stretch or compress the graph along the y-axis
depending on whether |k|>1 or |k|<1

respectively. Also, flip it about the x-axis ifk is
negative (This latter statement follows from part 1)

9 y=fXx) toy =" (kx) . Stretch or compress the graph along the x-axis
depending on whether |k|<1 or |k|>1

respectively. Also flip it about the y—axis if k is
negative (The latter statement follows from part 2)

These rules summarize all that you need to know about plotting graphs for the time being. A knowledge of limits
and derivatives will make graph plotting more accurate, but for now, lets plot some graphs using what we’ve learnt
upto this point.
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Example — 21

Plot the graphs for the following:

@ y=p-x 0 [y|]=1-%

© |y]=p-x| (d) y=|x¢ +3x+2
©® |y|=x"+3x+2 (f) |y|=[x*+3x+2]
@ X+[y|=1 () [xy] =1

(i) y=log(|x|+2) () y=log(jx+2))

Solution: For the first three graphs, lets first draw the graph ofy, = 1—x?. We can proceed in the following
sequence.

r A A

A
N —
» X » X /\ » X
-1 1
/ \y . / \ N

(a) Weneedtodraw y = ‘1— xz‘ =|y,|. Inthe last figure above, take the reflection of the negative

parts into the upper half of the axes.

1
\
/

=
Il v
T =
>‘<'\)

v

]

~

q
~

L

A
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(b) Wediscard the lower part and take a reflection of the upper part of the graph into the lower half

of the axes.
y y
A A
! Discard th !
1scard the
Take
/ >\ g / >\ .
lower part -1 1 reflection

7

(c) We combine the methods of parts (a) and (b), in that sequence.

Yy y
A a
! y =1l
/\ N Take
» X %
-1 1 " 7 > x
/ \ -1 0 1 reflection
y=1-x

_1\"_1/1

y

4
-I;é 0

For the next three parts, we first draw the graph of y, = x> + 3x + 2. We can write

3V 1
Y> =(X+—) R Hence we use the following sequence

2
2
2 left 3 down
X —> x+— :
shift 2 shift
; ;
A
2 3y
\/yx \/ o
» X »x \
_3
2

Note that in the third graph, x, and x, are -2 and -1 respectively (the values of x where y, becomes 0).

(d) Weneedtodraw y=|y,|
y

A A
3
2

N
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(e) Thisis |y| =Y, . We discard the lower part of y, and take a reflection of the upper part into the

lower half of the axes.
y y y
\ / [ - Discard the - \ [ - Take - \ [ -
—2\/] ‘ i lower part T2 -1 " reflection " -2 -1 ‘ e
() We apply the methods of parts (d) and (e) in that sequence
A A A
2N _! > > 2 1 > g M -

(@) We canfollow the following sequence.

y=l-x = y=l-x = |y[=1-|x[or|x]Hy =1

\‘ : K1 K1
1\ ~ y=rlx1) /\ g Iy1=/(1x1) /\ .
B ﬁ / 1\ ﬁ - \]/1

We could also have used the sequence

y=p=y=-|x = y=1-x =[y|=1-|

. . 1
(h) Here again we see that |xy| =1 can be written as |y| == and hence we follow the sequence

1

y y
A

\ > — > — \ K‘

» X
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() For y=log(|x|+2), we follow the sequence

y =log x = y =log (x +2) =y =log(]x] +2)
v v v
A . A A
/ . T ‘23/‘1 0 > —= 0 >

() Fory=log (|x+2|),we follow the sequence

y = log x = y = log|x| = y = log|x

N P \\; /]/‘ix

-

Notice carefully the difference in the sequences we follow for log (|x|+2)and log (|x +2]).

For y =log (|x|+2) we cannot firstdraw y = log|x| and then shift 2 units left. This is because

a 2 unit left shift means the argument is changing by 2, i.e. x — x + 2, which would imply

that y = log (|x|) becomes not y = log (|x|+2) but y =log(|x+2|) which is the second case.
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TRY YOURSELF - IV

Draw the graphs for the following functions, marking all the important points clearly:

@ y=2-x", y=2-x|, y|=2-x*, |y|=2-x|
(b) y=Xx>+x+1, y:‘x2+x+1‘, ly|=x*+x+1, |y|:‘x2+
© y=x’+7x+6, |y|=x"+7[x|+6, |y|=—(X"+7x+6)
i 1
@ =3
) y=(X*+1) -1<x<0
—(x*+1) 0<x<1

() x4y =1 y=+1-x
©) y:‘l—‘xz—ZH, |y|:‘1—‘x2—2H

W) yI=[[x+2], lyl=[Ix+2]. Iyl=|x+2], |y|=[x+2]

* k* Kk * k% * k* * %
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SOLVED EXAMPLES

The following pages contain some solved examples that are a bit advanced than the questions we have discussed
up till now. These will give you an idea on what approach you should follow:

Example — 1

1

Find the domain for f(x) = IX—1[]+[15-x[]-4

Solution: The denominator is a bit complicated and we need to analyse it in detail to determine where it can
become zero.

The fastest and easiest way would be to visualise the graph. Draw the graphs for |[x—1|and |5 x|,
apply the greatest integer function on these graphs separately, then add them and find the values ofx for
which this sum becomes 4. For these values of x, the denominator of f(x) becomes 0.

¥ 3 &——o0
A
| o——e 2 —o
1\/ ~ ] o——o0 (Graph-A4)
> X } t © t t — x
1 -2 -1 0 1 2 3 4 5
y
Jy
‘)i 34 o o (Graph-B)
N
5 2 o—e *——o0
5
1 o—e o—o0
Py > .
5 » X
1 2 3 4 5 6 7 8
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Now add the graphs of A and B point by point

We see that the value of (graphs A + graph B) is 4 for the following values of

x:(0,1],{2,3,4},[5,6). Hence, D=R\{(0,1], 2, 3, 4, [5, 6)}

Example — 2

Draw the graphs for :

@ y=v03 Iy
b) y=[x1+x¢
© y=-Ix1+3

J{x} will be the same as \/x

Solution: Let us first draw the graph for y = /{x} . Now, {x} is the same as x for 0 <x < 1. In this interval,

We can easily see that this same curve will be repeated in every previous and subsequent unit interval,
since {x} is the same in all such intervals. Hence we obtain the graph of y = \/{x}
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(b) Inanyintervaln < x<n+1 (wherenisan integer), [x] has the value n. In any such interval
therefore, the graph of y =[x]+./{x} will be the graph of \/{x} +integer n. This will be the

graph segment of /{x} lifted by n units.

For example.

The graph is drawn below.

y

A

3--

h

0<x<l=> y:\/{T}
1<x<2= y:1+\/{7}

-1=x<0= y=-1+{x}

y =[]/}

Note that this graph has no holes (or breaks) now. We express this fact by saying that this function is

continuous. The function y = \/{x} , is, onthe other hand, discontinuous.

We will study continuity in more detail later.
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(c) On following the same lines as part (b), we obtain the graph of y = —[x]+/{x}.

> <

This function, as we can see, is discontinuous.

Based on the discussions above, draw the graphs for y = {| x|},

~[00+ 0], 1y =0+ VT3, 1y X+ TG

y=[x]-{x} and y = x+{x}

Example — 3

Find the roots of the function f (x) = ax*+bx+c and plot its graph. Also solve the inequalities f (x) >0 and
f(x)<0

Solution: Theexpressionfor f (x) isquadratic, of which we have seen some examples. Lets discuss a particular
case for f(x) andthen go on to the general case above.

Let f(x)=3x*+10x+3 whichcanbewrittenas f (x) = (3x+1)(x+3). Thisis 0 when either
3x+1=00r x+3=0

ie. x= —%, -3 (i)

Now f (x) =3x* +10x +3 can be rearranged as

This term is added
& subtracted so that

a complete square [x + ;]

is formed

el -3 -

f(x)=3

x2+&x +1
3
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2
=3 x+E _16
3 3

We can obtain the graph for f(x) in the following steps:

S 2
( )
3

left

shift

2 stretch

2
3x
along y

X

y y

A B
\ /y_x
» X —P

0 -5

16

We see that the coordinates of the vertex (the pointv) are ( 37 3

1
the interval (—3, -3

f(x) > 0. Now we know everything about this quadratic function
Hence, f (x) <0 between the rootsand f(x) > 0 outside this interval.

Now we apply this reasoning to f(x) = ax®>+bx+c

f(x)

ax2+bx+c:a(x2+
a

1
) so that in this interval f(x) < 0. In the intervals (-, —3) and (—g,oo

bx
_+_

), and the graph crosses the axis

1
at (it has its roots at) X =—3, 3 as we have determined in (i) above. The graph goes below the axis in

)

C
a

J
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where D =b* —4ac is called the discriminant of the quadratic expression.
b 2

= al x+— | = —
f(x)=0 when ( Za)

b:i\/B:>X b+/D

The two roots of f(x) are X, =

‘b“ﬁ,x2 _—b+JD (i)
2a

2a
The graph is obtained in the following steps:

S
X ax a| X+— | —a| X+— [ ——
2a

2a 4a

We see that if a <0, the graph will not open upwards but downwards

b, D
a>0 N’ 4a
xn\‘/xz > x T T > x
a<0
(5 %)
2d’ 4a

Also, whether a > 0 or a < 0, the co-ordinates of the vertex are [—2%,4—:). What if a> 0 and

-D ] ]
D <0? The y-co-ordinate of the vertex, — is positive, and hence the vertex lies above the x-axis.

da
a>0
D<0

» X

f(x) inthis case never cuts the axis and hence never becomes 0. We say that f (x) has no real roots.
f (x) >0 for all values of x.

Similarly, ifa<0and D <0, the y-co-ordinate of the vertex is negative and the graph lies below the
axis.

Here also, f (x) has no real roots.

\We seethatwhethera>0aora<0Q ifD <0 f (x)will not have real roots
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This is also evident in the formula for the roots in (ii). If D <0, then JD is imaginary (non-real).
What if a>0and D = 0? In this case, the y-coordinate of the vertex is 0 or the vertex lies on the x-axis.

a>0
D=9
» x
a<0
DH

Now we can easily determine the solutionstof(x) >0and f(x) <0

Similarly

All these results are summarized below.

flx) =0 is assumed to have two roots x, and x, .
If x, and x, are real and distinct, x, is assumed to be smaller.
) -b -D
Co-ordinate of the vertex of the parabola |[—, —
a 4a
a>0 a<0
D>0 D=0 D<0 D>0 D=0 D<0
(i) Real roots (1) Equal roots (1) No real roots (1) Real roots (1) equal roots (1) No real roots
X, =X, X=X
(1) fix)<O0 (2) Graphdoesno | (i) flx)<0 ) (2) Graph does not
=Sy <x<x, |(2) fx)<0 go below the =Sx<x, & |(2) f(x)' >01is go above the
No value of x axis and hence x>X, satisfied axis and hence
i) Ax)=0 satisfies this. Ax) is always for no value of f(x) is always
=SX=x,X fix) is > (i) Ax)=0 x. flx) is always <0.
always > 0 =x=x,x, <0
(iv) f0)>0
Sx<x & (iv) fx)>0
X > X, =x <x <x,

You are urged not to memorize the results but understand them, by verifying each of them on your own
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Example — 4

For real x, find the condition on a, b, ¢ such that the function
f(x) :W (R—{c} > R) isonto
X—C

: (x-a)(x-b) : : : .
Solution: Let Y= f(X)= TSR Since the co-domain for this function has been specified has R, we

require the range to be R also if f(x) is to be onto. Hence we require y to take on all real values.
Now y(x—c)= (x—a)(x—b)
= x’—(a+b+y)x+(ab+cy) =0

We again follow the method discussed earlier. For x to be real, the discriminant should be non-negative.
= (a+b+y)’—4(ab+cy) >0 (®)

For the function f to be onto, we require that eachy have a real pre-image x. This is only possible if that
y satisfies the constraint (*). Hence, this constraint, or this inequality, should be true for all real y.
Rearranging as aquadratic iny

= y*+2(a+b-2c)y+(a—-bh)*> >0 (%)

As we saw in Q3, for the LHS of (**) to be always non-negative, we require its graph to lie above the
x-axis (or touching it, at the most). If it goes below the axis, the LHS will become negative.

Hence we require the discriminant for (**) to be non-positive.
ie. D<O

= (2(a+b-2c))’ —4(a—b)* <0
= (a+b)’+4c’-4(a+b)c—(a-b)* <0

= ab+c’—(a+b)c <0
Asin Q3., we can treat the LHS above as a quadratic in ‘c’. LHS < 0 implies that ‘c” must lie within the
+ [(a+b)’—4ab (o
roots of this quadratic expression, which are (a+b) (Z+b) 4ab = (a+b)£(a b) =a,b

There is no loss of generality in assuming thata > b since the expression for f (x) is symmetric about ‘a’
and ‘b’.
Hence, we get the constrainton a, b, cas

a<c<b
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Example — 5

Plot the graphs for the following:
(@) y=sin(sinx) (b) y =sin"*(sin x)

Solution: By observation, you will have atendency to say that sincey is a composition of two inverse functions,
which should cancel out, the output should be y = x, which is a straight line. But we have to be more
cautious:

(a) The inner function, sin'x, is defined only for x e [-1, 1]. For these values of x, sin(sin™ x) will
give back x again. Hence, the graph is the identity function but only in the interval [-1, 1].

»
»

(b) The inner functionsinx, is defined for all xe R and gives an output in [-1, 1]. The outer function,

T
sin”*( ), willnowgiveavaluein [75] For example, ifx=m,sinx=0,and sin~(sinx) =0

3 - 3
and not it. Similarly, if X= - sinx=-1and sin"(sin x) = % and not o and soon

We can state these things concisely as

x=sin(sinx) = X if L<x<X
B 2 2
i‘i+7r<x<£+7r
T —X 5 < 5
+ (X — 2m) i‘i+27r£x<1+27r
2 2
—7T T
- f—+3r<Xx<—+3rm
3T — X if > >

and so on.
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Convince yourself that the above formulation is correct.
The graph is drawn below:

Example — 6

Plotthe curve y =min{| x|-1, | x-1|-1, |x—-2]-1}.
Solution: What does such a statement mean? It means that for each value of x, we evaluate all the three quantities
on the RHS, select the minimum of the three, and plot that value ofy.

What we can do is plot the separate graphs for these three quantities on the same axes and select those
portions that lig lowermost, out of all the three.

[x[-7 |x-1]-1

(] 2

v

The darker line segments on the left hand side diagram show the minimum value out of all the three,
considered at each point x. This is therefore the graph of y.

Example — 7

. i+— —{X}+E
Solve the equation for x : ] [2x] 3

Solution: A solution is not evident by mere observation. But it can be noted that the RHS is always positive:
therefore, the LHS must be positive and hence x > 0.

Also, for the LHS to be defined, x>1 and 2x>1 = x>1andhence [x]> 1.
Let I be the integral and f the fractional part of x.

1 1
-

I -
Vo C
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We have retained [2 f ] since 2f could be greater than 1 and hence [2 f ] is not necessarily 0.

We will have to consider two different cases separately:

i f<E 1+i— f+l
® 2| T 12 T 3
3
— = f+=
Y

1
Now we can substitute different values of I; if these give valid values for f such that f < > we accept

these solutions.

7
=1 = f =5 [not acceptable]
=2 f=> tabl

=2 = 1 [acceptable]

1

=3 = f =5 [acceptable]
1=4 L tabl

=4 = 1=, [acceptable]
I=5 = f<0 [not acceptable]

No more solutions will exist since f becomes< 0 forl1>5

i |25 = T+

=1 = f=1 [notacceptable]

11 . 1
=2 = f==—(fdoesnotsatisfy f ZE) [notacceptable]

" 30
1
=3 = f =7 [not acceptable]
I1=4 = {=1/36 [not acceptable]
I=5 = <0 [notacceptable]
H he valid soluti X—|+f—§§9—7
ence the valid solutions are X = 12" 8 24
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Example — 8

2
y=sin?| X2 b) y=|X=1] +|X=2| +|X=3| + | x—4
@ 210 (0) y=Ix=1]+[x=2]+[x=3] +[x~-4].
1
© Y= GinTx+cos* x (@) y=v2-x+1+x

() y=+x-1+2+3-x.

x*+1
2

Solution: (a) Letus firstevaluate the range of NS =Z (say)
2 2 _
_ x2+l: X-2i-2 l:l_ 21 21_321
X +2 X +2 X +2 2 2
(Notice the last steps carefully; x> >0 = x*+2>2 = Sl = — 1 2—3)
T = x>+2 2 X2 +2 2

1. .
Now, z ZE implies sin™'z >sin™

N |-

2
5

. . T
sin'z can take a maximum value of 2l forz=1, but we see that for no value of x does z become

1 (although z “approaches’ or ‘almost becomes’ 1 as x becomes larger and larger i.e. as x — oo,
z —1,butz=1).
T
2

- - [53)

(b) Letusapproach this problem in two different ways.

Hence sin™ 1= — is not included in the range

(i) Define it piecewise (define it separately in each interval):

x<1 Yy = 1-x+2-x+3-x+4-x = 10—4x
1<x<2 Y = x=1+42—x+3-x+4-x = 8-2x
2<x<3 Yy = x=14+4x-2+3-x+4-x =4
3<x<4 Y = Xx=1+4X-2+x-3+4-x = 2x-2

x>4 Y = x=1+x-2+x-3+x-4 = 4x-10
Now draw the graph:
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The minimum isy =4 for 2 <x < 3. The range is [4, «0).

(i) Symmetry suggests that we should geta minimum for x = # , butitis not unique. The

function is minimum for the entire interval [2,3] . Thisis due to the nature of this function, which
contains the modulus functions.

Consider the graphsof y =| x=1| + | x—=2| + | x=3| +|x—4]| + | x—5]
y

A
15

10

1
1
1
1
!
1 2 3 4 5 6

1+2+3+4+5
5

carefully to determine why the minimum is unique now (the functiony = f(x) never becomes
constant, as inthe previous case)

Here, the minimumisy=6atx =3, ( ) which is unique. Reread the above

Now considerthe graph of y = | x=1|+|X—=2|+|x—4|
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1+2+4) 7

3 =~ . Symmetry is wrong here!

The minimum isatx = 2, equal toy = 3and not at X=[ 3

Actually, symmetry is not wrong, but this function does not have complete symmetry (this is obvious
fromthe graph), while the previous two functions did. This is because in functions of the form Zl X—a, |,

aturning point (a sharp point) will always come at one of the &, 's , and the extremum will always lie at

such a point. In the first function, there is a minimum atx = 2, 3 (which are sharp points) and hence at
all the points in between. In the second function, there is a minimum at x = 3 (a sharp point) which

2.8

happens to be the same as = (because the points 1, 2, 3, 4, 5 are symmetrically placed about
X =3).

In the third function, the minimum is at x = 2 but z a,/n lies somewhere else, because the points 1, 2,
4 are not distributed symmetrically about any of these sharp points
So for example f =|x+1|+]|x]|+]|x—1| has 3 sharp point, {-1, 0, 1} distributed symmetrically

about one of the sharp point {0}, and hence the minimum is at x = 0 equal to y = 2, which is also
obtained by symmetry.

f =[x+1|+|x]|+|x—2] has 3sharp points {-1, 0, 2} which are not distributed symmetrically about

i -1+0+2 1 L i
any sharp point and hence, although 3 = 3 the minimum isat 0 and not 1/3.

y=x=2|+|x=1|+|x+1|+|x+2| has 4 sharp points {-2, -1, 1, 2} which are distributed

—2+-1+1+2
4
between —1 and 1 since the function assumes a constant value in this interval (y =6).)

symmetrically about—1 and 1. The minimum is therefore at =0(and also at all values

Therefore, we see that symmetry has to be used carefully.
*  Forexample, afunction of the form EI X —a, |, could be non-symmetric but a minimum could still

occur at Z a,/n, whenthe number of a 's are even. You need not get confused with all these
arguments above. Just remember to use symmetry with caution!)

*  One could argue that the minimum for (x—a,)* +(x—a,)* + (x—a, )’ should come at one of the

a,+a,+..+4a,

points a,, a,.......a, and not at as we saw earlier. But this is false since this

function does not have sharp points’. Itis hence not necessary that the extremum will be at one of
the points a,, a,.......a, . As we will see later on, this function is differentiable, meaning that it is

smooth, while Zl X —a, | is non differentiable, meaning it is not smooth).
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© 1 _ 1
= sin®x+cos*x  (sin? x+cos® X)* —2sin® xcos® x

B 1 ~ 1
= ==
1-2sin®cos® x 1_;(5"12)()2

Now —1<sin2x<1l =0<(sin2x)*<1

1, . 1 1 1 .
0<=(sin2x)>’<= Z<1-=(sin2x)* <1
= 2( ) > =3 2( )

1< 1 <2

= 1—;(sin 2X)?

Therefore, therange is [1, 2].
) y= 2 x+J1+x = V2=x+x—=(-1)

This is of the form /3 — x ++/x—b , Which we discussed earlier.

The minimum fory comesatx=-1,2 : y=.,/3

The maximum comes at x:_12+2 : y=6

TherangeisR = [x@\@]
€ y=+/x-1+2/3-x

This function is no longer symmetric so we carry out a standard analysis.
The domainis[1, 3]. Also,y > 0.

Now y2 = (x=1)+4(@-x)+4{(x-1)(3-x)

= 11-3x+4/(x-1)(3-x)
Rearranging and squaring gives
(y? +3x—=11)* +16(x* —4x+3)=0

= vy +(Bx=11)%+2y*(3x—11) +16(x* —4x+3)=0
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= 25x% +(6y* —=130)x+(y* —22y* +169) =0
For real x, we require D >0

= (3y? —65)> —25(y* —22y*+169) >0

= -16y* +160y* >0

= y*—10y* <0

= y <10
Also,atx=1,y= 242 andatx=3, y = /2, and therefore, the minimum value of y is J2
Therange is [ﬁ«/ﬁ]

(we will be able to evaluate the range much more easily using derivatives later on).
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