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Example — 19

Evaluate the following integrals

1
—d
@ ‘[\/4x—x2—3 ”

©

d
) ‘[\/4x2+12x+10 " M

Solution:

0 |

1
d
J(x+2)\/x2+4x+3 " @ ]

1

1

X2 +2X+2

1

x> +6X+8

dx

dx

! dx

'[\/25x2

+20Xx+3

If you observe the forms of the expressions to be integrated carefully, you will realise that each part
corresponds to a part in the previous example. Hence we’ll use the results obtained in the previous

part directly:

1
@ et
:J‘;dx
J1=(x=2)?
=sin”'(x=2)+C

dx

1
l=[——
(b) -[x2+2x+2

B R
X+ " +1

=tan ' (x+1)+C

=] 1

dx

©

(d)

(X+ 20 X2 +4%+3
1
= d
'[(x+2)\/(x+2)2—1 ”

=sec”'(x+2)+C

1
| =|———dx
Jx2+6x+8

O
d(x+3)2 -1

=lln
2

X+2
X+4

+C
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! dx

| =
() I\/4x2+12x+10

1
“[—— 4
J‘\/(2x+3)2+1 "

1
=—In
2

(2x+3)+\/4x2+12x+10‘+c

! dx

0 =l e

+20x+3

1
= | ———d
J‘\/(Sx+2)2—1 ”

1
=—In
5

(5x+2)+\/25x2+20x+3‘+c

Example — 20

Evaluate the following integrals:

@ |, /%dx

0 /de

Solution: We saw in example-14, a particular example of the general expression in part -(a) above.
As in example-18, we will mention here the appropriate substitutions to be used whenever expressions

of the forms above are encountered.

Expression

Can be reduced by the substitution

" Ja—xorJa+x
a+ X a—x

?) /;‘:i or J(x—a)b—x)

X=acos20

X =acos’0+bsin’6

It is straightforward to see why these substitutions are appropriate

@ Substitute
=

and (a—

X=acos20
dx =—2asin 20d6
X) = a(l —cos 20)

=2asin’ 0

and (a+ x) = a(l+cos20)

=2acos’6
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)
- I :—2aj\/@sin 20d6
2acos- 0
=—2ajtane-sin29d9 (1)

=—4ajsin29d9

= 4a{00529—1}d0
:4aj{1+c0329 —l}de
2

= 2aj(cos 20 -1)d6
=asin20-2a6 +C

2
= a,/l—x—z—acos_]§+C
a a
=\/a2—X2—acos_1§+C > |
(b) Substitute X=acos’0+bsin’6
= dx =(b—a)sin20d6

and  (x-a)=(b—a)sin’6
and  (b—x)=(b—a)cos’

= I=0b-3f ((E’__Z))—zzzzsmzede
= (b—a)[ tan 6 - sin 20d6
You can proceed further as we did from (1) above. <
Example — 21
Evaluate J Sin X+ ?OS X
9+16sin 2X

Solution: In our search for an appropriate substitution, we must look into how we can express the numerator
(sin X+ cos X)dx in terms of the differential of the denominator (or some part of the denominator).

Notice that (sin X+ cos X) is the derivative of (—cos x+sin X). What if we could express the

denominator in terms of (—cos X + sin X) . We could then use the substitution (—cos X +sin X) =Y.
This is what we proceed to do:

9+165in2X
=9—-16(-1+1-sin 2x)
=9—16{—1+(sin X—cos X)2}

=25-16(—cos X +sin x)*




24

Thus, we have succeded in expressing the denominator in terms of (—cos X +sin X) :

Substituted —cos X+sinx =y

= (sin X+ cos X)dx = dy
l=[—2—
= J25—16y2
_1! dy

167 (25/16)—y?

This integral is of the form discussed in Example -18 part (d). You can proceed from here based on
the discussion done previously in that example Verify that the answer is :

|5 4cos X+4sin X|

+C
40 |5+4cosx 4sz|

<

Example — 22

Evaluate the following integrals:

(@)
©

(e)

(@)

Solution:

fsin3 x cos* xdx (b) Jsinz xcos’ X dx

J.sin3 x cos’ x dx (d) J.coss xadx

J‘; dx (e) jsin“ x cos” X dx
Vsin® xcos® x

Jcos8 x dx (h) Jsec“ X cosec’X X .

(@ 1= J.sin3 X cos* x dx
Notice that the power of gsin x 1s odd while that of cos X is even. What substitution can we

possibly use? If we use sin X = t, we will get cos X dx = dt. Thus, we’ll be left with Jt3 cos’ xdt,

which contains cos® x; this will be tedious to express in terms of t(sin X). We therefore use the

substitution cos X =t; you will soon see that this is an appropriate substitution.

cosX=t
= sin x dx = —dt
= | = jsin3 X cos?* x dx

—J‘sin2 x-tdt
=—[(-t)t'dt
= [t* —tht
P

705
cos’ X 3 cos’ X
7 5

+C

+C
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b I= jsinz X cos” X dx
If you compare this integral with the one in part-(a), you’ll see that the roles have been reversed.
sin X has an even power while the power of cos X is odd. We therefore use the substitution
sinX=t
= cos X dx = dt

= | =It2 cos* x dt
= [ta-t')ydt
= jtz(t4 — 2t +1)dt

= j(t6 — 2t +t2)dt

7 543
:t__2L+t_+C
7 5 3
:sin7x_2sin5X_|_sin3X_|_C <
7 5 3

() I= J.sin3 x cos” X dx
Here, the powers of sin X and cos X are both odd. This suggests that we can substitute either
sin X Or cos X as a new variable. We use sin X =t.

= cos xdx =dt

= I =Jt3 cos* xdt
= [ta-t)dt
=jt3(t4—2t2+1)dt

= J’(t7 2t +t%)dt

8 46 4
:t__t_+t_+c
8 3 4
.8 . 6 .4
s X sm X s X
= - + +C
8 3 4 <

d 1= J.cos5 xdx
The power of cos Xis odd. As in part-(b), we use the substitution sin X =t
= cos xdx =dt
= I = J.cos4 x dt
= [(1-t*)dt
= [ (t* - 2t> + 1yt
2t

=———+t+C
5 3

_ sin® X 2sin’ x
5

+sinx+C e |
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(e) 1 :j;dx
Vsin® x cos® x

Observe that neither the substitution on sin X =t or cos X =t would help. Some rearrangement
needs to be done before we can substitute for something

I:j;dx

4f .
Sll’l3 XCOS5 X

How did we hit upon this rearrangement?

J- 1 q Answer: We are trying to rearrange the
= X
A g sin3 X expression so that it contains tan X and
Ccos X- 3
COS™ X sec X terms

[ ——dx
h 4

cos” xv/tan’ X

J'SGC X

\/ tan> X

Now we use the substitution tan X =t

= sec” xdx = dt
dt
= I :JPT
=4t"+C

= 4(tan )" +C

This example is one where the powers of sin X and cos X add up to a negative integer <«
in this question, _3 + _3 =-2
4 4

® 1= fsin4 xcos” X dx

Both the powers are even. Observe that neither of the substitutions gin x =t or cos x =t would

help. Therefore, we again try to convert this expression into another form which contains tan x
and sec X terms, as in the previous examples.

| = J.sin4 X cos? X dx

. 4

6 Sin - X
:JCOS X 7

cos X

dx

dx

_[ tan4 X
5606 X

Not much headway! What do we do now?
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Neither the substitution tan X =t or sec X =t would help much in the final integral above.

We now follow an alternative approach. We use multiple angle formulae to reduce the non-linear
trignometric terms in the integral expression to linear trignometric terms.

sin x = (sin* x)*

_ [ I—cos2x ¥
2

= i(l—2cos 2X + cos’ ZX)

=%(1—20052X+m]

:%(3—4cos2x+cos4x)

Similarly, cos’x = %
= | =%I(l+cos 2X)(3—4cos 2X + cos 4x)dx

= L_"{3 — €08 2X + c0os 4X — 4 cos> 2X + cos 2X cos 4X}dx
16

=%J{3—COS2X+COS4X—4(1+COS4X) N cos6X+cos2X}dX

2

:LJ l—lcos2x—cos4x+lcos6x dx
16 2 2

1 sin2X sin4x sin 6X

=—| X— - + +C
16 4 4 12

@ 1= jcosg X dx

The power of cos X is even . As in the previous example, we use multiple angle formulae to reduce

the non-linear trignometric term (cos® x) to (a combination of) linear trignometric terms.
gn gn

I =J‘cos8 X dx

4
=J-(1+cos2x) dx
2

1 )2
=EJ((I+COS2X)) dx <
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:%J.(l+2cos2x+cos2 ZX)2 dx

1 1+ cos4x ’
=—j 1+2cos2x+—— | dx
16

= 6L4J.(3+4cos 2x+cos4x)” dx

= 61_4‘[{9+16C082 2X+c0s” 4X +24c0s 2X + 6 cos 4X + 8 cos 2X cos 4X}

1 1+ 4x 1+ 8X
:aj{9+16( C;)S )+ C;)S +24cos2x+6cos4x+4cos6x+4cos2x}dX

1 {3?5+280052x+l4cos4x+4cos 6X+%0058X} dx

64
This expression involves purely linear trignometric terms and can easily be integrated. Thus,
35

7 . 7 . 1 .
| =——X+—sin2X+—-sin4X+—sin 6X +
128 32 128 96 1

14sin8X+C <

You may rest assured that you’ll never encounter such a lengthy question in an actual exam. This
example was just included to illustrate the techniques involved.

1
h 1= jsec“ X cosec’X dx = J‘ﬁ dx
sin” X cos” X
Again, neither the substitution gin x =t or cos X =t would help. We also cannot use multiple
angle formulae as we’ve done in the previous two examples. However, as in part -(¢), we can
convert this expression into one involving tan x and sec X terms.

I=J; dx

sin® X cos* x

:J; dx

tan® X cos® X

_J sec’ X
tan’ X

dx

Now, we use the substitution tan x =t . Thus, sec® x dx = dt

SCC4X
|=j >

dt

2 2
:J-(1+tan X) dt
t2
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25\2
t2

4 2
:J[t +f;[ +1]dt

=j(t2+2+t*2) dt

3
:t—+2t—l+C
3 t
tan” X
= +2tan X — +C > |
tan X

Note that like part -(e), this example is also one where the powers of sin X and cos X and up to a
negative integer.

From these eight examples, we can make certain generalizations as to how to solve integrals of the

form | :J.sinm Xcos" X dx,where m, ne Q.

Substitution /Action

cos X =t

sinXx=t

Condition
1 m is an odd integer, N is an even integer
2) n is an odd integer, m is an even integer
3) Both m, n are odd integers
4) Both m, n are even integers
5) m, n add up to a negative integer

sinX=t orcosx =t

into one involving only linear trignometric terms.

sec X terms and then use the substitution tan X =t

Use multiple-angle formulae to convert the given expression

Convert the given expression into one involving tan x and

You are urged to draw up a similar table for integrals of the form | = J.tanm xsec" X dx, where

m, neQ.

Example — 23

Evaluate the following integrals

x> +1 x> -1
d d
@ jx4+1 X (b) .[x4+1 g
x* +1 1
AN dx
© Ix4+x2+1 o @ IX4+1
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Solution: @)I=j

x> +1

dx
x*+1

A slight algebraic manipulation of the given expression will lead us to a possible substitution; we
divide the numerator and denominator by x2.

We now need to express the numerator as a differential of some term occurring in the denomina-

2
1 1 1 1
tor. The denominator X° + 2 can be written (X - ;) +2 . The derivative of X— ” is X+—.

. 1 . t

Thus, we substitute X —— =t . The integral reduces to | = J 2d .
X t"+2

This is of the form encountered in Example-18 part-b. (Refer to that example for elaboration).

The value of the integral is

1 t
| =—=tan"'| —= [+C
NG ﬁJ
x> —1
=——tan" +C
V2 JEX) <
x*—1
o 1-f2t

We follow the same approach as we did in the previous part:

-

_ X
I_J 1 dx
X +—

X

o . . 1 1Y .
However, this time we write the denominator (X2 +—2) as (x+—] —2 and substitute
X X

1 .. 1) . . 1 L
(X + < ) =1 this is because the numerator (1 - Z ), is a derivative of (X + ; ], while in the

1 1
previous example, the numerator was [1 + 2 ), which was a derivative of [X X )




Thus, we have,
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X+L=t
X
dt
= I=Jt2_

This is of the form encountered in Example - 18 part (d)

= '= 2f t+\/_
|x —fx+l|
2\/_ ‘x +\/_x+1‘
(©) I—_[ X +1 x—J 1+? dx
2+l X2+x12+1
1+i2
—J X dx

_ 1 .
The substitution X —— =t reduces | to an “integrable” form
X

dt
:Jt2+3

-1

—Ltan L+C
N W5

o x =1

1 2
=——tan +C
3 J3x ]

@ | =jx41+1 dx

This integral can easily be obtained from the integrals we’ve already evaluated in parts (a) and (b)

1 1 41 -1
[ e

X +1

4




Example — 24
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Evaluate J\/ tan0deo .

Solution: To get rid of the square-root and convert this expression into a purely rational one, we use the substi-

tution
tan@ = x*
Thus, sec’ 0dO =2x dx

_ 2xdx

do
= sec’ 0

_2X
1+ x*

= |=J\/X_2- 2x dx

1+ x*

dx

=2J.1-|)-(X4 ax

x> —1
x*+1

dx

:Jx2+1

X' +1 dx+J

We have already evaluated both these integrals in the previous examples. S |

Example — 25

8

X
Evaluate IW dx

Solution:  To simplify this integral, we need to make an appropriate substitution, such as x" =t where n <12,

n should of course be a factor of 12 and the numerator (x* dx) should be expressible in terms of t and

the differential of t. A little though will show that yx3 — t is the appropriate substitution possible here:

= 3x* dx=dt

:J'—(Xz)i'xz dx
(x’)" -1




1¢ t?
== dt
3Jt4—1

2

—lf# dt
3@ E+)

that the two factors in the denominator
get separated into different fractions

1 -+t +1)
_gf dt

The numerator was written like this so
(t2 —1)(t2 +1)

e 1 1
:g{Jtzﬂ dt+jt2_l dt}

ﬂ +C
t+1

x> —1

x> +1

21 tan ™ t+lln
6 2

_1 tan”' X° + Lln
6

+C >

In the preceding examples, we have seem a lot many integrals, which could be evaluated using the general results
derived in Example-18. In fact, these results are very important and many integrals that we’ll encounter can be
reduced by appropriate manipulations to one of these general forms.

The following table extends Table-1 on Page-2 and includes these general forms as ““standard integral forms”.
(This table is being presented here for your convenience and easy reference-the results are from Example-18)
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Table - 1 Continued

Standard integrals

Integrals Substitution used Result
1. | ] L ox _ asin® sin X +C
. az_xz X=asin a
1 1 X
17. dX = — tan_l —+ C
ja2+x2 X=atan® a a
J‘; dx a X
19. WX — a2 X =asecH —sec. —+C
1 1. |x—a
21. j 2 2 dx X=asecH 2—ln—+C
X"—a (Altematively, the expression ) a [x+a
can be split in to separate fractions
1
22. J N dx X=atand In|x++/x*+a*|+C
1
23. I x> —a> dx X=asecBH In X+\/X2—a2 +C
a—Xx X
2a%| [[|2=2 dx X =acos 20 va' —x" —acos™ —+C
a+Xx a
* X-a d 2 .2 (b-a) Loos 12 L a?-x%l+c
25. j b_x X X =acos’ @ +bsin’ 0 > 3

* need not be memorized
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We will extend this table further as we progress through the rest of this chapter.

As stated earlier, many integrals can be converted to these ‘standard’ forms and thats where lies the use in commit-
ting these results to memory.

We saw in example-19 some questions based on these general forms. We will now discuss in more detail how to
convert a given integral into one of these standard forms, if possible.

Suppose that we have a quadratic expression Q(x) = ax> +bx + ¢ . It should be obvious that integrals of the form

1
J @ dX can be evaluated using either (17) or (21) {depending on whether Q(X) takes the form of X + A? or

1
A’ — X ? upon rearrangement ; X depends on X linearly; A is a constant} . Similarly, integrals of the form '[ Jom dx

can be evaluate using (15), (22), or (23) depending on what form Q(X) takes upon rearrangement. Let us go
through some examples related to these forms.

Example — 26

Evaluate the following integrals:

| 1
ot S
@ jx2+3x+2 ®) J4x2+4x+2

1 1
- dt —(t
© I\/4x2 +5X+4 ©@ J‘\/—4X2 —4X

Solution:  Our attempts in each of these questions will be to reduce (rearrange) the quadratic expressions so that
itresembles one of our standard forms of Table - 1

, 3V 1
@) X2 +3X+2=[ x+= | ——
2 4
3 (1Y
= x+=|-| =
1
Thus, I=f dx

This is of the form (21) where a = %

I=ln(x—+1)+C <

X+2
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(b) 4%° +4x+2= (4% +4x+1)+1
= (2x+1)" +12

1

Thus I R R
(2x+1) +1°

This is of the form (17) which contains the expression X? + A?; X =2x+1 and A=1
Thus,

I :%tanl (2x+1D+C
AN

We have to divide by the coefficient
of X in x ; refer to pagel property — (€)

©) 4x2+5x+4:4(x2+%x+1)

SCRE)

2
=4 x+§) +£

8 16

The integral is therefore of the form (22). The resultis

(2x+%]+\/4x2 +5X+4

again, division by the coeff of x

I=lln
2

+C <

(d) —4X7 —4x =1- (4% +4x+1)

=12 —(2x+1)°
The integral is therefore of the form (15).

The result is

I =%sin‘1(2x+1)+c |
DN

again, division by the coeff of x




37

Example — 27

Evaluate I\/sec x—1 dx
Solution: | = J\/sec x—1 dx

dx

_J- 1—cos X
COs X

1—cos” X
=I dx
cos X(1+cos x)

_J‘ sin X
\V COS X+cosX

Now we use the substitution cos X =t. This will reduce the trignometric form above to an algebraic

form:
cosX =t
= sin xdx = —dt
N | —_ J‘ dt
V7 +t
Conversion to the
\/ standard form(23)
=—In ( ) t|+C
=—ln(cosx+ J+ cos” X+cosX|+C >
(x
Now suppose that we have an integral of the form J- J \/— X, where L(X) is a linear term of the

form (px + q) while Q(X) is a quadratic term of the form ax® +bx +c.

In such a scenario, we express the linear factor L(X) in terms of the derivative of the quadratic factor Q(X) , i.e in
terms of Q'(X). This means that we have to find constants ¢« and f such that

L(x)=aQ'(x)+pB
or
(px+q)=a(2ax+b)+f
=2aox+(ab+ ) (D)
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Convince yourself from (1) above that we can always find the appropriate ¢¢ and f . To actually determine o

and 8, we compare both sides of (1). Thus,

a="L
2a
pb
—ab=g-22
p=a-ab=q-—
How does all this help?
- L(x)
Consider | :IQ(X) dx. We find o and B suchthat L(X)=aQ'(x)+ . Thus,
| _J’OCQ (X)+/3
Q(x)

=a Q) X+ B[ —— dx
=00 Pl ¢

- L + 5

. o . t
I, can be solved using the substitution Q (x)=t. This gives Q'(x)dx =dt and I, reduces to ade =alnlt]. 1,

can either be expressed in the form of (17) or (21) depending on Q(X) and can subsequently be evaluated

J- L(x)
TN

JaQ (x) +[3

Jo(x)

Similarly, consider

=q QV(X) dx + dx
ew Y 1
- "

. o . t 2 .
I, can be solved using the substitution Q (x)=t whichreduces I, to Oc'[d— ==ot*? whilel , can be expressed
Jto3

in the form of either (15), (22) or (23) depending on Q(X) and can therefore be evaluated.

Let us consider some examples of this type.
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Example — 28

Evaluate the following integrals:

j X+2 dx b _[ 3x—1 dx
@ X2 +2X+2 ®) VX +2x+2
Solution: (a) We find constant o and § such that
X+2=0a(X +2x+2)'+ 8
=a(2x+2)+p

=20x+2a+f3
1
Thus aZEandﬂzl

IZJ X+2

z—dx
X +2X+2

__J~ 2x+2

= — dx
NG +2x+2 -[x2+2x+2

2 % +J 12 dx
(where t = X* +2x+2) (X+1) +1

:%ln|t|+tan‘1 (x+1)+C

:%ln(x2 +2x+2)+tan"(x+1)+C

(b) Again, assume ¢ and 8 such that
3x—1=0 (X" +2x+2)'+ B
=20x+20+f

Thus, a=§andﬁ=—
|:J-L dx
VX +2x+2

_3-[ 2x+1

1
X x4 dx
29X +2x+2 j\/x2+2x+2




_3pa a4l g
_2'[\5 4'[1/(x+1)2+1 ‘

(wheret = X" +2Xx +2)

=3t!"? —4ln‘(x+1)+\/x2+2x+2‘+c
:3\/x2+2x+2—4ln‘(x+1)+\/x2+2x+2‘+c <
P(x)

Assume now that we have to integrate an expression of the form —— where Q(X) is a quadratic polynomial

Q(x)
while P(x) is a polynomial with degree n > 2. In such a case, we can divide P (X) by Q (X) to obtain a quotient

Z(X) and a remainder R(X) whose degree is less than 2:

P09 _ 0 RO

Q(x)

The right hand side can now be integrated easily.

P(x)

Think about how we will integrate an expression of the form /Q (x) where P(x) and Q(X) have already been

described. You will find the answer to this question later in the chapter.

Letus now consider rational trignometric functions i.e., functions that involve rational expressions of trignometric
terms:

Example — 29

Evaluate the following integrals:

@ j L o (b) j ! dx

1+sin X 1+ sin X+ cos X

Solution: Inboth these examples, the substitutions that we have seen uptill now will not work. (You are urged to
try it for yourself).

For such functions, we use a new type of substitution. We use the following half - angle formulae:

. 2tan X/2
sinx=———
1+tan® x/2
1—tan’® Xx/2
COSX=—-———

1+tan’ x/2
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Making these substitutions converts the given integrals into a form where the substitution t= tan —

is possible. Lets apply it on the current example.

@) =] L ox

1+sin X

1
_J 2tan X/2
1+

1+tan’ x/2

_J- 1+tan’® x/2
1+2tan x/2+tan” x/2

sec? X /2
S TE
(1+tanx/2)

X
We now substitute tana =t. Thus, %sec2 gdx =dt

dt
(1+t)2

= I=2j

2

1+t
2
- .cC
l+tanx/2 <
() 1= ! dx

1+ sin X+ cos X

1
:J > dx
2tan X/ 2 l—tan” x/2
1+ 5 + 5
1+tan”“ X/2 1+tan” X/2

_J~ sec’ X/2
2+2tanx/2

X
Substitute tang =t. Thus, sec’ 5 dx = 2dt

(A
1+t

=1n|1+t|+C

X
1+ tan —

+C
> <

=In




42 |

These two examples should make it clear that a general integral of the form

1

| =
J.asinx+bcosx+c
analyse the general case itself.

dX can always be integrated using the mentioned substitutions. Let us

1

| = dx
J.asinX+bcosX+C - (1)
=_[ 1 > dx
2atanx/2 b-—Dbtan” x/2

+
l+tan’ X/2 1+tan’Xx/2

2
J(c—b)tan2 x/;ejz);/tinx/2+(c+b) o

X
The substitution tan ) =1 reduces this integral to

dt
1=2
J.(c—b)tz +2at+(c+b)

dt
=f—
-[ At* +Bt+C
We have already evaluated integrals of this form. They correspond to either (17) or (21).
In(1)above, if ¢ =0, | can also be solved by writing (asin X+bcos x)=+/a* +b? sin (x+¢)

{q) =tan™' E} so that | becomes Icosec (x+¢)dx
a

1
val +b?

Example — 30

Evaluate the following integrals:

1 dx J 1
@ J.1+sin2 X+ 2cos’ X (®) (asinx+bcos X)2

Solution:  You are first urged to try out the same substitution that we used in the last example, and you’ll see how
lengthy the integrals become.

We can solve these integrals more easily by simply dividing the numerator and denominator by cos? X,
which converts the given expression into a modified form containing tan X and sec X terms:
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@ IZJ. ) ! 7 dx

1+sin” X+ 2cos” X

> > in the denominator
sec” X+tan” X+ 2

: 2
sec? X Now write thp sec X
= _[ dx
asl+tan® X

_J- sec’ X
3+2tan’ X

Substituting tan X =t reduces this integral to

which is of the form (17) <

() 1= L

(asin x+bcosx)

=J- sec’ X
(atanx+b)2

= _at Substituting tan X =t
(at+b)’

-1
—— — __+C
a(at+b)

:_—1+C
a(atanx+b) <

1

a+bsin® X +ccos” X
can therefore be solved using the approach described above.

dXorI:J ! dx

(asinx+bcos X)2

Allintegrals of the general form | = I

We now finally consider another general form of rational trignometric functions.

Example — 31

asinX+bcosx+¢
Evaluate I dx

dsinXx+ecosx+ f
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Solution: First suppose that ¢ = f = 0. In that case, we can find constants Aand u such that the numerator
(asin x+bcos x) can be expressed as a linear combination of the denominator (d sin X +ecos ) and

its derivative, using the constants Aand u ,1.e:

asinx+bcosx=A(dsinx+ecosx)+u(dsinx+ecosx)'
= (Ad — ue)sin x+(Ae+ ud)cos x
(convince yourself that we can always find such constants A and u )
Comparing the coefficients of sin X and cos X on both sides will uniquely give us the constants A and u
Ad—ue=a
Ae+ud=b
Having found these constants, our integral reduces to

dsin x+ecosx)' d
X

(
I =A|dx+
J.X .U_[ d sin X +ecos X

= AX+ul,

I, can simply be solved by the substitution (dsinx+ecosx)=t which reduces

I, to J.%zln|t|=ln|d sin X+ e cos X|

Now suppose that at least one of C and f is non-zero. In this case, we can (always) find three constants
A, 1 and 6 such that

(Numerator ) = A (Denominator ) +  (Denominator )'+ 6
or
(asinx+bcosx+c)=A(dsinx+ecosx+ f)+u(dcosx—esinx)+6
= (Ad —ue)sinx+(Ae+pud)cosx+Af +6

Thus, A, 1 and 6 can be determined using

Ad—ue=a
Ae+ud=hb
Af+6=c
Our integral now reduces to
= lJ.dX-l—'uJ. d :ir(;())(S:(ECT)ZI)I:: f dX-Hg".d sinx+e1cosx+ f dx

=Ax+ul,+61,

I, can be evaluated by the simple substitution (dsinx+ecosx+ f)=t. Toevaluate I,, we follow the

approach already described in example - 29 |




