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Section - 1 INTRODUCTION

In very basic terms, a vector can be thought of as an arrow in the Euclidean plane. This arrow has a starting
(initial ) point A and an ending (final) point B:

Fig-1

This vector will be represented as AB . We thus see that a vector has two quantities associated with it:
@ amagnitude
(b adirection

These two quantities are necessary to carry someone from A to B; these two quantities are sufficient to uniquely
specify a vector.

Contrast a vector with a scalar, which is a physical quantity with just a magnitude but no associated direction.

Think of a force acting on a block.

n

Fig-2

To specify this force, you must specify both its magnitude and direction, and thus force is a vector quantity. You
might, as an example, specify this force by saying that it is 10 N strong and is applied at an angle of 30° to the
horizontal.
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On the other hand, think about the work done by this force over a certain distance, which is obviously a scalar
since it will be a quantity with just a magnitude and no direction.

In the discussion that follows, we will see that for a physical quantity to be classified as a vector, it must satisfy
another constraint in addition to possessing a magnitude and a direction: it must satisfy the vector law of addition
(section—2). In fact, there do exist quantities (like the rotation of a rigid body) which posses both magnitude and
direction but are not vectors because they do not satisfy the addition law.

We can represent a vector using its end-points (like AB earlier) or we can use lower-case letters (like @). For

any vector a, we have three associated characteristics:

Length : Thelength (or magnitude) of @ will be denoted by | 7 |. Length is obviously a scalar.
Support : Thisis the line along which the vector & lies.
Sense . Thevector @ will have a sense from P to Q along the support of @ , while that of @ will be

from Q to P along the support of PQ . Thus, the sense of a vector specifies its direction along its
support.

Some more terminology is in order before we begin to see the properties of vectors:

(A) Zero vector : A vector of magnitude zero is called a zero vector and is denoted as 0 . A zero vector
does not really have any direction, since how can you define the direction of a point?
We thus assume a zero vector to have any arbitrary direction. In a sense, you may say
that the zero vector is not a proper vector. In fact, vectors other than the zero vector are
called proper vectors!

(B) Unit vectors: Vector d is a unit vector if it is of unit length, i.e, if | & |= 1. If @ is a unit vector, it is

generally denoted as 4.
(C) Collinear vectors: These are essentially parallel vectors, i.e, have the same or parallel support.

Some elaboration must be done here: we will encounter, in our study of this chapter,
either fixed vectors or free vectors. As the name suggests, a fixed vector has its absolute
position fixed with respect to any choosen coordinate system; a free vector is one
which can be translated to any position in space, keeping its magnitude and direction
fixed.

For example, suppose that O is the origin and A is a fixed point in the coordinate
system. Then the vector OA is fixed because its starting point, O is fixed.

On the other hand, suppose a vector g corresponds to going 1 unit right and 2 units up

in the coordinate system. Then & is free since it can be translated to anywhere in the
coordinate system; it will still represent going 1 unit right and 2 units up.

When we talk of collinear vectors, it is implied that the vectors being talked about are
free vectors. Thus, for two vectors to be collinear, their supports only need to be parallel
(and not necessarily the same).
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(D) Equal vectors:

(E) Co-initial vectors:

(F) Co-terminus
vectors:

(G) Co-planar vectors:

(H) Negative of a :
vector

(I) Position vector :

Two vectors d and b are equal if
®  |alb|
(i) their directions are the same, i.¢. their supports are the same OR parallel,
and they have the same sense.

It should be evident that when we are saying that two vectors are equal, we implicitly
assume that the we talking about free vectors.

Fixed vectors having the same initial point are called co-initial vectors.

Fixed vectors having the same ending point are called co-terminus vectors.

A system of free vectors is coplanar if their supports are parallel to the same plane.

Note that defined this way, two free vectors will always be coplanar. This is because
you can always bring these two vectors together to have the same initial point, and then
aplane can always be drawn through the two vectors. On the other hand, three free
vectors might or might not be coplanar; let us think of this more elaborately. Assume

three free vectors &, b and € . Suppose you bring together & and b to have the same
initial point O; you then draw the plane passing through a and b . Now, when € is
translated so that its initial point is O, it is not necessary for € also to lie in the plane that

you drew through & and b . Thus, &,b and ¢ might or might not be coplanar

Plane through
aand 5)

T does not lie_in the
%
plane @'and b

Clies l_i)e in the
plane @ and b

Fig-3

The negative of a vector 3, denoted by — 3, is a vector with the same magnitude as &
but has exactly the opposite direction.

The position vector of a point P is a fixed vector which joins the origin of the
reference frame to the point P.

We’ll be using position vectors a lot in our later discussions.
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Section - 2 BASIC VECTOR OPERATIONS

You will be able understand the discussion that follows very clearly only if you try to visualise everything physically.
Everything about vectors will then automatically fall in place in your mind.

(A) ADDITION OF VECTORS: TRIANGLE/PARALLELOGRAM LAW

Most of you will already be very familiar with how to add vectors, from your study of physics.
Consider two vectors @ and b which we wish to add. Let

c=a+b
Thus, & should have the same effect as & and b combined. To find the combined effect of & and b ,

we place the initial point of b onthe end-point of & (or vice-versa):

=l

A - "B
a
Fig-4

A person who starts at point A and walks firstalong g and then along  will reach the point C. Thus, the

combined effect of § and b is to take the person from Ato C,i.e, Z+b =& should be the vector AC:

C
- o >
E’ b_) c=a+hb
—
= AC
A - "B
a
Fig-5
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In general, we see that to add two vectors, say dandb , we place the initial point of one of them, say b,

at the end-point of the other, i.e., &. The vector d+b is then the vector joining the tip of § to the

end-point of b . This is the triangle law of vector addition. & and b can equivalently be added using
the parallelogram law; we make the two vectors co-initial and complete the parallelogram with these two
vectors as its sides:

Fig-7

Note that the triangle and the parallelogram law are entirely equivalent; they are two slightly different
forms of the same fundamental principle.

We note the following straightforward facts about addition.
(a) Existence of identity:  Forany vector &,
a+0=a
so that 0 vector is the additive identity.
(b) Existence of inverse:  Forany vector g,
d+(-a)=0
and thus an additive inverse exists for every vector.

(c) Commutativity: Addition is commutative; for any two arbitrary vectors & and b ,

d+b=b+3a

Mathematics / Vectors and 3-D Geometry




(d) Associativity: Addition is associative; for any three arbitrary vectors &,b and € ,
a+(b+c)=(a+b)+c

i.e, the order of addition does not matter.

Verify this explicitly by drawing a vector diagram and using the triangle / parallelogram
law of addition.

(B) SUBTRACTION OF VECTORS : An extension of addition

Consider two vectors d and b ; we wish to find € such that

C=a-b
We can slightly modify this relation and write it as

c=a+(-b)

and thus subtraction can be treated as addition. To do this, we first reverse the vector b to obtain — b

and then use the triangle / parallelogram law of addition to add the vector & and (—p ):

R
.' o . Q\‘
H RSN . —> . =
E)": é N (i) Reverse b to obtain —b
/ . b
! , - = LD D
;! (i1) Add a'and (-b) to obtaina — b
/ 2 OR
“ g . = ...
i (i) Make a’and b’co-initial.
~~~~~ N (i1) Join the tip of b to the tip of a'to
~~~~~ i e
¥ i obtaina’-b
N é\ * i
o
Fig-8

Joining the tip of [y to the tip of @ (if & and b are co-initial) also gives us & —b.
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Note that from the triangle law, it follows that for three vectors d,b and € representing the sides of a

triangle as shown,

2
=l

Fig-9

we must have

d+b+c=0

In fact, for the vectors &, i =1,2.....n, representing the sides of an n-sided polygon as shown,

%
a,
i -
. a
%
%
a& = q
al
Fig - 10

we must have

since the net effect of all vectors is to bring us back from where we started, and thus our net displacement

1s the zero vector.

Example - 1

From any two vectors & and b , prove that

i |a+b|<|a|+[p] i) |a-b|<|al+|b| (i) \a+6\z‘|a|—\6H

When does the equality hold in these cases?
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Solution:  Consider this figure:

% -
AT
a
A
B
\‘x“‘ .:
T
"C'
Fig - 11
The first two relations follow from the fact that in any triangle, the sum of two sides is greater than the
third side:
In AABC: AC < AB+BC (we’ll soon talk about how and when the equality comes)
= ‘§+5‘S|é|+‘5‘
INAABC": AC'<s AB+BC'=AB+BC
= |a-b|<|a]+]p|

In the first relation, the equality can hold only if the two vectors have the same direction; this should be

intuitively obvious:
—> —
la+b]=0B
- ~
. a . b R = OA+AB
o A B I~
=lal+|b]
Fig - 12
The equality in the second relation holds if the two vectors are exactly opposite:
s
i la—b| = |a+ (-b)
a
Qe >A —
N ) - = |0B'|
< > — —
[ A i = |OA'+ AB|
T~
=lal+[b]
Fig - 13
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To prove the third relation, we use in AABC in Fig - 11, the geometrical fact that the difference of any
two sides of a triangle is less than its third side:

|AB-BC|< AC
= |a-]p|<[a+p]

The equality holds when & and b are precisely in the opposite direction

- > 5 —
N |a+b]| = |OA+ AB|

a —

O. s > A = |OB|
B < = *A = |0A- AB|
= P
=llal-1bll

Fig - 14

The main point to understand from this example is how easily vector relations follows from corresponding
geometrical facts. <

Example — 2

Suppose that the vectors a and b represent two adjacent sides of a regular hexagon. Find the vectors representing
the other sides.

Solution: Let the hexagonbe A AJA.A,A A , as shown:

1727 374757 62

Fig - 15

First ofall, we note an important geometrical property of a regular hexagon:

Diagonal = 2 x side
= AA, = 2 xAA
Also, since A A, || A,A,, we have
AA, = 2x AA
= 2b

Mathematics / Vectors and 3-D Geometry




11

Now we use the triangle law to determine the various sides:

AA = AA-AA
= 2b—(a+b)
= b-a
EATS = — a (only the sense differs; support is parallel to
the support of &)
AA = -AA
- -5
AA = -AA
= a-b
Thus, all sides are expressible in terms of & and b . <

Example — 3

What can be interpreted about & and b if they satisfy the relation:
[a+b|=|a-b|

Solution: Make & and b co-initial so that they form the adjacent sides of a parallelogram:

2 .C
§‘ ‘l
:
.
.

L
L
e '
o

L
L
-

Fig - 16
We have,
\a+6\:\ﬁ\=oc
and \5—6\:\FA\=BA

Thus, the stated relation implies that the two diagonals of the parallelogram OACB are equal, which
can only happen if OACB is a rectangle.

This implies that & and b form the adjacent sides of a rectangle. In other words, & and b are

perpendicular to each other. R |
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MULTIPLICATION OF AVECTORBY ASCALAR

Intuitively, we can expect that if we multiply a vector @ by some scalar A , the support of the vector will
not change; only its magnitude and / or its sense will. Specifically, if A is positive, the vector will have the

same direction; only its length will get scaled according to the magnitude of A .If 4 is negative, the
direction of the product vector will be opposite to that of the original vector; the length of the product

vector will depend on the magnitude of 4 .

N
N
a /
9

ra k?

A>0 L<0

Fig - 17

Note that for any vector &, if we denote the unit vector along & by &, we have

Put in words, if we multiply the unit vector along a vector @ by its magnitude, we obtain that vector itself.
Putin aslightly different way, we have

i.e, if we divide a vector by its magnitude, we obtain the unit vector along that vector’s direction.

Another very important result that follows from this discussion is that two vectors & and b are collinear

ifand only if there exists some A € R such that

a=Ab Collinear vectors

i.e, two vectors are collinear if one can be obtained from the other simply by multiplying the latter with a
scalar.

This fact can be stated in another way : consider two non-collinear vectors g and b . Ifforsome 1, ne R,
the relation

Ad+ub =0 - (1)

is satisfied, then A and ¢ mustbe zero. This is because (1) can be written as
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which would imply that & is a scalar multiple of b, i.e., & and b are collinear, contradicting our initial

supposition that & and b are non-collinear.
In subsequent discussions, we’ll be talking a lot about linear combinations of vectors. Let us see what

we mean by this. Consider n arbitrary vectors 4d,,d,......d,. A linear combination of these n vectors is a

vector ¢ such that
r=A8+4a +...+14,4, - (2)

where A, 4,....A, € R are arbitrary scalars. Any sort of combination of the form in (2) will be termed a
linear combination.

Thus, using the terminology of linear combinations, we can restate the result we obtained earlier: for any

two non-zero and non-collinear vectors & and b , if their linear combination is zero, then both the scalars
in the linear combination must be zero.

We now come to a very important concept.

THE BASIS OF A VECTOR SPACE

Consider a two-dimensional plane, and any two arbitrary non-collinear vectors a and b in this plane. We make
the two vectors co-initial and use their supports as our reference axes:

A reference axes formed
by two arbitrary
b non-collinear vectors

[
a
Fig - 18

Observe carefully that any vector F in the plane can be represented in terms of & and b . We find the components

of I along the directions of @ and b ; those components must be some scalar multiples of & and b .

for some A, peR

Fig - 19
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Thus, any vector  in the plane can be written as
F=Ad+ub forsome A, ue R (D
i.e, any vector f in the plane can be expressed as a linear combination of 5 and b -
We state this fact in mathematical terms as follows: the vectors & and b form a basis of our vector space (which

is a plane in this case). The term “basis” means that using only & and b , we can construct any vector lying in the

plane of @ and b.

Note that there’s nothing special about 5 and b ; any two non-collinear vectors can form a basis for the plane.

You must be very clear on the point that two collinear vectors cannot form the basis for a plane while any two
non-collinear vectors can. Understanding this fact is very crucial to later discussions.

Try proving this: let & and b form the basis of a plane. For any vector F in the plane of & and b, we can find
scalars A, u € R such that

F=Ad+ub
Prove that this representation is unique.

The basic principle that we’ve learnt in this discussion can be expressed in a very useful way as follows:

Three vectors are coplanar if and only if one of them can be expressed as a linear
combination of the other two. i.e., three vectors &, b, ¢ are coplanar if there exist scalars
l,1, €R such that

a=lb+lc
We can write this as

(ha+(-1)b+(-1,)c=0
= /1§+,L16+7/6=0

This form equivalently tells us that three vectors are coplanar if we can find three scalars
A, 1,y € R for which their linear combination is zero.

Example — 4

Suppose that for three non-zero vectors 3, b, ¢, any two of them are non-collinear. If the vectors (é + 25) and

C are collinear and the vectors (5 +3C ) and 3 are collinear, prove that

a+2b+6C=0
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Solution: We musthave some A, e R such that

a+2b=A¢ (D

b+3¢=pa - (2)
From (1), we have

6:%(§+25) .3

Weuse thisin (2) :

Since 3 and b are non-collinear, their linear combination can be zero if and only if the two scalars

are zero.
This gives
3
Z_u=0
7 M
1+g =0
A

1
= A=—6p=——
a 2

Using the value of 2 in(3), we have

d+2b+6C=0 <
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In the preceeding discussion, we talked about the basis of a plane. We can easily extend that discussion to observe
that any three non-coplanar vectors can form a basis of three dimensional space:

r= 0OS=0P+0Q +O0OR
=)a+ MH)+ y?
for some
Aoy, y €R

Fig - 20

In other words, any vector ¥ in 3-D space can be expressed as a linear combination of three arbitrary

non-coplanar vectors. From this, it also follows that for three non-coplanar vectors &, b, ¢, iftheir linear combination

is zero, i.e, if
Ad+ub+yc=0 (where A, 1,y R)

then A, u and y mustall be zero. To prove this, assume the contrary. Then, we have

(R 1)

which means that & can be written as the linear combination of b and & . However, this would make 5 , b and¢c

coplanar, contradicting our initial supposition. Thus, A, u and y mustbe zero.

We finally come to what we mean by linearly independent and linearly dependent vectors.

Linearly independent : A set of non-zero vectors &,,4d,,4d....,d, is said to be linearly independent if
vectors

implies A=A=..=4=0

Thus, a linear combination of linearly independent vectors cannot be zero unless all the
scalars used to form the linear combination are zero.

Linearly dependent A setofnon-zero vectors &,,4d,,d,,....,8, is said to be linearly dependent if there exist

vectors: scalars A, 4,....A4,, notall zero such that,
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For example, based on our previous discussions, we see that
(1) Two non-zero, non-collinear vectors are linearly independent.
(i1) Two collinear vectors are linearly dependent
(iii) Three non-zero, non-coplanar vectors are linearly independent.
(iv) Three coplanar vectors are linearly dependent

(v) Any four vectors in 3-D space are linearly dependent.

You are urged to prove for yourself all these assertions.

Example - 5

Let &b and ¢ be non-coplanar vectors. Are the vectors 23 —b +3¢, d+b —2¢ and a+b —3¢ coplanar or
non-coplanar?

Solution: Three vectors are coplanar if there exist scalars A, € R using which one vector can be expressed
as the linear combination of the other two.

Letus try to find such scalars:
2a-b+3c=A(a+b-2¢)+u(a+b-3c)
= (2-A-p)a+(-1-A-u)b+(3+24+3u)c=0

Since &, b, € are non-coplanar, we must have

2-A-u=0
—1-A-u=0
3+2A+3u=0

This system, as can be easily verified , does not have a solution for A and u .

Thus, we cannot find scalars for which one vector can be expressed as the linear combination of the
other two, implying the three vectors must be non-coplanar.

As an additional exercise, show that for three non-coplanar vectors 3, b and €, the vectors

d-2b+3¢, a—3b+5C and —2d—3b -4 are coplanar. > |
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