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RESOLUTION OF A VECTOR IN A GIVEN BASIS

Consider two non-collinear vectors a and b ; as discussed earlier, these will form a basis of the plane in which

they lie. Any vector F in the plane of 3 and b can be expressed as a linear combination of 3 and b :

v

=Aa+ub for some A,ue R

The vectors OA and OB are called the components of the vector 7 along the basis formed by & and b . This

is also stated by saying that the vector F when resolved along the basis formed by 3 and b , gives the components

OA and OB. Also, as discussed earlier, the resolution of any vector along a given basis will be unique.

We can extend this to the three dimensional case: an arbitrary vector can be resolved along the basis formed by
any three non-coplanar vectors, giving us three corresponding components. Refer to Fig - 20 for a visual picture.

RECTANGULAR RESOLUTION

Let us select as the basis for a plane, a pair of unit vector I and ] perpendicular to each other.

=Y Let 0 be the angle that
- o A
r” makes with 1

. — OA=|T]cosd
t OB =[] sinf
j\
0
o[ A

Fig - 22
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Any vector T in this basis can be written as
F =OA+OB
= (|F|cos9)f+(|?|sin9) i
=Xl +Y]
where X and y are referred to as the X and y components of 7 .

For 3-D space, we select three unit vectors 1, ] and K each perpendicular to the other two.

—>

S
———y

=

s,
R S,
A 4

N
k
Fig - 23
In this case, any vector F will have three corresponding components, generally denoted by X, y and z. We thus
have

F=xXi+y+2zk

The basis (f, j ) for the two dimensional case and (f, |, k ) for the three-dimensional case are referred to as

rectangular basis and are extremely convenient to work with. Unless otherwise stated, we’ll always be using a
rectangular basis from now on. Also, we’ll always be implicitly assuming that we’re working in three dimensions
since that automatically covers the two dimensional case.

Mathematics / Vectors and 3-D Geometry




20

MAGNITUDE, DIRECTION COSINES AND DIRECTION RATIOS

Consider a vector

F=xi+Yyj+zK

as shown in the figure below:

...............

Fig- 24
The magnitude or  is simply the length of the diagonal of the cuboid whose sides are X, y and z. Thus

[F|l=yC+y*+2° .. (1)

Suppose I makes angles ¢, B and A with the X, Y and Z axis, as shown:

Y
%
r
p
o \a
> X
Fig - 25
VA
Then the quantities
| =cos &
m=cos
n=cos Y

are called the direction cosines of ¢ (abbreviated as DCs. The DCs uniquely determine the direction of the
vector. Note that since

F=Xi+y+zk
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we have
x =|F|cosa =1|F|
y=IFlcos =
z=|F|cosy =n|F|
= Xty +2=(P+m’+n’)f]

From (1), this gives

12+m?+n?=1]

We can also infer from this discussion that the unit vector f along F can be written as

r Xi + Y] + 2K

f=r —

LN

=Ii +yj+zk

Direction ratios (DRs) of a vector are simply three numbers, say a, b and ¢, which are proportional to the
DCs,i.e

I m

a b

n
C
It follows that DRs are not unige (DCs obviously are)

Fromaset of DRs {a, b, ¢}, the DCs can easily be deduced:

n_NP+m’+n? 1

m
b ¢ Ja’+b*+c® al+b*+c?

I
a

a b c

,m= ,N=
Ja? +b? +c? Ja2+b?+¢? Ja?+b?+c?

= =

Before we go on to solving examples involving the concepts we’ve seen till now, you are urged to once again go
over the entire earlier discussion we’ve had, so that the “big picture” is clear in your mind.

Example — 6

Show that the vectors | —3 ] + 2k, 2f —4k — 4k and 3j +2 i- k are linearly independent.
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Solution: Let A,u,y € R be scalars such that

l(f—3j+2I2)+u(2f—4j—4l€)+y(3f+2j—l€)=6

= (A+2u+3y)i +(-34—4u+2y) j+(24—4u—-y)k =0

A+2u+3y=0
= —3A-4u+2y=0
2A—4u-y=0

The determined of the coefficient matrix is

1 2 3
3 -4 2[=0
2 -4 -1

(1)

Thus, the system of equations in(1) has no solution for A, u and y apart from the trivial solution

A = u =y =0. Thisimplies that the three vectors are linearly independent.

4

Example — 7 COLLINEARITY OF POINTS

Let 3,5 and € be three non-coplanar vectors. Prove that the points A(2§+ b-¢ ), B (55 -b +2C) and

C (851 —-3b+5 5) are collinear. When we say the point P (), we mean the point whose position vector, i.e, the

vector drawn from the origin O to that point, OP, is P .

Solution: We have been given the position vectors of three points and we are required to prove that they are
collinear. Let us see what condition must be satisfied in order for three points to be collinear:

A B

'O

@)
(origin)

Fig - 26

Three points A, B
and C, whose
position vectors are

> > —

OA, OB and OC
respectively, will be
collinear if

> >
BC =X\ AB
for some A € R
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Thus, there must be some A€ R for which
BC = 1AB
=  OC-O0B=A(OB-OA)
=  AOA-(1+1)OB+0C =0
=  A(2a+b-c)-(1+2)(5a-b+2c)+(8a-30+5¢)=0
=  (3-31)a+(24-2)b+(3-31)c=0
Since &,b and € are non-coplanar, we have
3-31=0
24-2=0

3-34=0

This consistently gives the solution A =1, implying A, B and C are collinear. |

Example — 8

Let d,b and € be three non-coplanar vectors. Prove that the points A(2§+35 -C ), B (g_ 2b -3¢ ),
C (33 +4b - 26) and D (é —6b + 66) are coplanar.

Solution:  As in the previous example, we first draw a visual picture to determine when four points can be
coplanar.

Draw the vectors

— —
AB and AD and the plane
passing through the two vectors-

For C to lie in this plane,
9

A > C AC must be coplanar with
—> —
\ AB and AD = AC must be
D expressible as a linear combination

— —
of AB and AD

Fig - 27

Thus, as explained in the figure, we must have some scalars A, 1€ R for which
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AC = AAB + 1 AD

= (66—6@)=l(6§—6§)+u(65—6@) {Ois the origin}

=  (I+A+p)a+(1+51+9u)b+(~1-44-7u)c =0

Since &8,b and € are non-coplanar, we must have

1+A+u=0
1+5A4+9u=0
1+4A+7u=0

As can be easily verified, this system has the solution A = -2, u =1, implying AB, AC and AD are

indeed coplanar.
Thus, the points A, B, C and D are coplanar. S |
Example — 9 SECTION FORMULA

Let A(d) and B (5) be two fixed points. Find the position vectors of the points lying on the (extended) line AB

which divide the segment internally and externally in the ratiom : n.

Solution:  We consider internal division; the external division case follows analogously.

Let C(C) be the point which divides AB internally in the ratiom: n.

Fig - 28
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We have,
AC=—"_ 2B
m+n
~  (0c-0R)-_"(08-0A)

I m /(- .
= c—a:m+n(b—a)

mb + na
m-+n

= C=

Similarly, the point D(d) which divides AB externally in the ratiom : n is given by

a': mB—né
m-n

_ a+b
A particular case of internal division is the mid-point of A(&) and B (b) : the mid-pointis

s 4

Example — 10

Show by vector methods that the angular bisectors of a triangle are concurrent and find the position of the point of
concurrency in terms of the position vectors of the vertices.

Solution: Let the vertices of the triangle by A(é) , B (5) and C(C). We use the geometrical fact that an angle
bisector divides the opposite side in the ratio of the sides containing the angle.

A@)
Let the sides be
7 y of lengths X, y and z.

Draw the bisectors

| of angles A and B.
Suppose they meet in I.

_)
B (b) D C(©)
< X >
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We thus have,

BD ¢
DC b
Thus, D is given by (the internal division formula):

_,C+yb
T I+y

D

In A ABD, since Bl is the angle bisector, we have

z
—X
DI BD z+y X

IA- BA  z  z+y
Thus, we now have the position vectors of A and D we know what ratio | divides AD in. | can now be
easily determined using the internal division formula:

xa +(x+ y)(zé+ yB)

. Z+y
B X+2+Yy
_ xa+yb+zcC

X+y+z - (1)

The symmetrical nature of this expression proves that the bisector of C will also pass through I. The
angle bisectors will therefore be concurrent at |, called the incentre. The position vector of the incentre

is given by (1). <

Example — 11

In a parallelogram ABCD, let M be the mid-point of AB. AC and MD meet in E. Prove that both AC and MD are
trisected at E.

Solution:

D C
We need to prove that
AE _ME_ 1
EC ~ ED ™ 2
E
A M B
Fig - 30
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There’s no loss of generality in assuming A to be the origin (0) . Let B and C have the position vectors

b and € . The position vector of D is given by AD where

AD=AC+CD

B

Ol O

~b

D is therefore the point c—b.

Since M is the mid-point of AB, M's position vector is % . Let us first find the position vector of a

point E' which lies on AC and trisects it. We’ll then show that same point lies on DM and trisects on
DM and trisects it too, proving the stated assertion.

LI (c-b) &
—_ 2 c
E'= =—
3 3
Since E'and E" are the same-point, say E, we see that AC and MD are trisected at E. <

Example — 12

Prove that the lines joining the vertices of a tetrahedron to the centroids of the opposite faces are concurrent.

Solution: Itis in this example that the powerful nature of vector algebra will become apparent; this is a 3-D
problem and any other methods of proving the assertion will be extremely cumbersome. For those of
you who are more mathematically inclined, you can try proving the assertion using already known
methods.

First of all, we need to know how to write the position vector of the centroid of a triangle in terms of
the position vectors of'its vertices.

%
A@)
Recall that the centroid
= E divides any median in
the ration 2 : 1
Thus,
AG_ 1
GD ™ 2
- >
B (b) D C(c)
Fig - 31
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Since D is the mid-point of BC, we have

D=——

Since AG : GD=2: 1, we can now determine G:

2 bi +1xa _
2 _a+b+c

G
2+1 3

We now consider a tetrahedron, say, with the vertices A(a), B(b), C (c)and D (d).

_)
D)

G is the centroid
of ABCD

Fig - 32
Consider the centroid of ABCD, say G, which will be given by
G b+C+d

w | O

Now, pause and think about the assertion we are required to prove. If the four lines are indeed
concurrent, the point of concurrency must be given by a position vector which has a ‘symmetrical’
expression with respect to all the four vertices. Can you find a point on the segment AG which has a
symmetrical expression with respect to the four vertices?

A little thought will show that the answer is yes: consider the point P which divides AG in the

ratio 3: 1. P will be given by
3% b+c+d +1xa . -
3 d+b+c+d

P= = al
3+1 4

It is immediately apparent now that P lies on each of the four lines joining the vertices to centroids of
the opposite faces! In addition, we’ve also been able to find the position vector of P in terms of the

position vectors of the four vertices of the tetrahedron. S |
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Example — 13

In a quadrilateral PQRS, PQ =,QR =b and SP =a—b. If M is the mid-point of QR and X is a point on SM
such that SX: SM =4 : 5, prove that P, X and R collinear.

Solution:  Since no position vectors have been specified in the question (only the sides have been specified),

there is no loss of generality in assuming that P is the origin 0 .

> >
R@+h)
> >
S(b-a)
Note how the position vectors
X of the vertices of the quadrilateral
M have been specified. X is a point
such that SX:SM=4:5
(Diagram not to scale)
Thus, SX: XM =4:1
> -
P (O) Q@)
Fig - 33
We have,
d+(a+b 5
M= ( ) =a +E
2 2
4x|d+— +1><(5—§) R
3a+3b
= X = =
4+1 5
=  X=Z(a+b)
Thus,
PX = > PR
5
implying that P, X and R are collinear. <
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Example — 14

It is known that ina AABC with centroid G, circumcentre O and orthocentre H,

OG:GH =1:2
Let P be any point in the plane of AABC . Prove the following assertions:
(@) OG+0B+0C =0H (b) HA+HB+HC =2HO

Solution:

(c) PA+PB+PC=3PG

Let D, E and F be the
mid-points of

BC, CA and AB
respectively

Fig - 34

() O—A+@+ﬁ=O—A+(@+(T)

=OA+20D (Since Dis BC'smid-point)

=306 (Since G lies on AD and divides itin the ratio 2 : 1)

—OH (Since O, G and H are collinear and OH =30G)

(b) HA+HB+HC =m+(ﬁ§+ﬁé)
= HA+2HD
=3HG (Same logic as above)
2= :
=3 Xg HO (again, same as above)

=2HO
(c) Forany arbitrary point P in the plane of AABC, we have

ﬁ+ﬁ§+ﬁ§:ﬁ+(ﬁ§+ﬁ§)
= PA+2PD

=3PG

Go over the solution again if you find any part of it confusing.
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Example — 15

Justify the following tests for collinearity and coplanarity

@ Three points with position vectors &, b, € are collinear iff there exist scalars p, g, r not all zero such that

pa+gb+rc=0

where p+q+r=0

(b Four points with position vectors &, b, C, d are coplanar iff there exist scalars p, g, , s not all zero such
that

pa+qb +rc+sd =0
where p+q+r+s=0

Solution: There is nothing new in these tests; we’ve already seen their justification in the discussion preceeding
the examples. These tests are just the same facts put into slightly different language.

(@) Sincep+q+r=0,wehaver=—(p+q)

Assume r #0
Now, pa+qb+rc=0
= pa+gb—(p+q)c=0

pa+gb
p+q

= C=

This implies that C is the position vector of a point which divides the points @ and b in the ratio

p: g. Thus, the points &,b and € are collinear.

Now, we prove the other way implication, i.e, we first assume that points &, b and € are collinear:

=  (1-A)a+(-1)b+(1)c=0

= pa+gb+rc=0
where p+q+r=(1-1)+(-1)+(1)=0 <
This completes our proof.
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(b) Again, first assume the existence of scalars p, g, I, S such that

p+g+r+s=0
= s=—(p+q+r)

Now,

That (ﬁ —d ) can be written as a linear combination of the vectors (5 —d ) and (5 —d ) implies
that (ﬁ - 6) , (5 - &) and (6 - (T) are coplanar.
= Points with position vectors &,b,&,d are coplanar.

Now lets prove the other way implication. Assume that A(d), B (5 ) ,C(C)and D (a ) are coplanar

points. Thus, there must exist scalars A, u such that

AB = AAC + uAD

where  p+q+r+s=(A+pu—1)+(1)+(-1)+(-u)

This completes the second proof. <
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Example — 16

Ifany point O inside or outside a tetrahedron ABCD is joined to the vertices and AO, BO, CO, DO are produced

so as to cut the planes of the opposite faces in P, Q, R, S respectively, prove that

AP BQ CR DS

OP OQ OR OS
— 4= =

Solution:  Assume O to be the origin, and the position vectors of A, B, C, D tobe 3, B, c, d respectively.

Since &, b, €, d are non-coplanar vectors, we must have scalars A;,4,,4,,4, such that (Page 17)
Ad+Ab+Ac+A,d=0 (D)

Since AO is produced to meet the plane of the opposite face in P, AO and OP must be collinear
vectors. Thus,
AO = uOP forsome ye R
= —-a= ,ucﬁ
=up (P is the position vector of P)
This whenused in (1) gives

(—1A) P+ Ab + 2,6+ 2,d =0

However, since B, C, D and P will be coplanar, we have, using the result of the last example,

Ul + A, +A,+A,=0

= u:#
L+ +2,
OoP
R @=Q=L (From (2))
AP ‘Ap‘ 1+u
_ A
M+ A+,
_ A
X
We similarly have,

OQ_ 4 OR_ A4 OS_ A
BQ XA 'CR XA'DS XA
OP 0OQ OR OS
= —t—+—+—= <
AP BQ CR DS
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TRY YOURSELF - |

Q.2

Q.3

Q.4

Q.5

Q.6

Q.8

Q.9

If the points with position vectors 601 +3 j,401 —8 ] and ai —52 j are collinear, find a.

Let 3, 5, ¢ be three non-coplanar vectors. Prove that the points with position vectors § —2b + 3¢

b

23 +3p —4¢ and —7h +10¢ are collinear.

Find a point P within a quadrilateral ABCD such that

PA+PB+PC+PD=0

ABCD is a parallelogram. Let L and M be the mid-points of BC and CD respectively. Prove that

AL +AM =2 AC
2
Prove that the line segments joining the mid-points of the adjacent sides of a quadrilateral form a
parallelogram.

Prove that the line segment joining the mid-points of the diagonals of a trapezium is parallel to the parallel
sides and equal to half of their difference.

Let ABCD be a quadrilateral and E and F be the mid-points of AC and BD respectively. Prove that

AB+AD+CB+CD=4EF

Let 4, b, ¢ be non-coplanar vectors. Prove that the three vectors 3d—7b —4¢, d+b +2¢ and

33 —2b+C are coplanar

Let &, b, ¢ fromalinearly independent system of vectors. Show that the system of vectors ma + b+c,

d+mb+¢ and d+b+m¢ forma linearly independent system iff m=-2.

Q.10 In AABC, the point D lies on AC such that AD : DC=2: 1. BD is produced to F such that DF =2BD

. Prove that AF is parallel to BC and is equal to 2BD.
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