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Section - 3 DOT PRODUCT

We have already seen the addition and subtraction of vectors. In this section, we’ll understand how we can define
the product of two vectors.

Before formally defining the dot product, let us try to understand why (such a) product is required at all.

Consider a force F acting on a block M atan angle g to the horizontal.

—

Fig - 35
This block, as an effect of the force, is displaced through a horizontal distance s. We can denote the displacement
by the vector §, which has a horizontal direction and has a magnitude s.
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Fig - 36

In physics, you must have studied the concept of the work done by a force. This work done is the maximum if the
force and the displacement caused by it are in the same direction, and zero if the force and the displacement are

perpendicular. This suggests that we must consider the component of F along § to evaluate its work done.

From the figure above, the component of £ along the direction of S is ‘ F ‘ cos 0 . The work done will then be

W =‘If‘|§|cose (1)

We denote the right hand side of (1) by the dot product notation.

W =|F|ls|coso=F -5

In general, for two vectors d and b inclined at an angle 0 to each other, their dot product P is defined as

P:ﬁ-5=|é”5‘cose
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Itis very important to understand that P is a scalar quantity.

You can think of P in this way: it is a measure of the “‘effect” of one vector along the other. For two vectors of fixed

: : . . . . s
magnitude , their dot product will decrease in magnitude as § increases from 0 to g (or decreases from 7 to 5 ).

We can write P as
P =[a]([p|cos®) = (|a] cos6) o]
Thus, P is the product of the modulus of either vector and the projection of the other in its direction.

From the definition of the dot product, we can make certain useful observations about its properties.

0] The angle g between two vectors g and [ is given by
cos0= ?—li
|

() [a-b|<falp

, the equality holdingonlyif 6 =0 or =

(iii)  Theprojectionof d on p is

(iv)  Theprojectionofh on 3 is

V) Scalar product is commutative, i.e,

ib=b-a

(vi)  Scalar product is distributive, i.e

Q|
—
oy
+
(!
~—~—
Il
Qy
oy
+
Qy
(!

and (d+b)-c=a-c+b-

Ol

(vi)  The scalar product of two vectors is zero if and only if the two vectors are perpendicular.

This also gives

[ j=ji=iKk=Ki=jKk=K j=0
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(i)

(i)

(ix)

)

(xi)

For any vector 3

Thus,

=~ = B ~12 |=?
(a+bXa—b):h|—h‘
This property is very important. If two vectors g and pj have been specified in rectangular form, i.e.,

d=al+a, j+aSI2 and b =b i+b, j+b3I2 then
we have,

§~5=(a,f+a2j+a312)(b,f+b2j+b3ﬁ)

=a b +a,b,+a;b, {Using properties (vi) and (vii)}
= 5'5231b1+azb2+a3b3
The angle 6 between the two vectors will be given by cos6 = —| ﬂg‘
a

a b +a,b,+a,b,
J#+£+#Jﬁ+ﬁ+@

= cosf =

The direction cosines I, m, n of a vector g will be given by

A

=41, m=4-j, n=4a-k

2

Let T be a vector coplanar with the vectors 3 and b .IfF-d=0and - b= 0, this would imply that
is perpendicular to both @ and b . This can only happenif 3 and b are collinear.
Analogously, let T be an arbitrary vectorand &, b, ¢ be three vectors such that

r-a=r-b=r-c=0

This means that F is perpendicular to each of &, b and ¢ which can only happen if &, b and € are
coplanar.
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3-D space. Any vector ' can be written in this basis as

This representation is of significant importance and you must understand how it comes about.

(xii) Let&, b, ¢ bethreenon-coplanar vectors. We’ve already discussed that &, b, ¢ can form a basis for

Example — 16

Find the component of a vector b perpendicular to the vector &.

Solutions: We need to find ¥, the component of b perpendicular to d

R
h
9
b -
r
09 R
P = >
a
Fig - 37
We have
pG=| 22 |5
al
= F=b-PQ
~ (a-b
=b- a
af <
Example — 17

Let 4, b and ¢ be three mutually perpendicular vectors of equal magnitude. Prove that the vector &+ b+ is
equally inclined to each of the three vectors.
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Solutions: Let 0, represent the angle between & and 3 +b +¢ . We have,

cosO, =

4 \/\a+6+6\2 -1

Let the magnitude of &, b and € be A. Also since the three vectors are mutually perpendicular, we

have 4-b=a-6=0. Now,

It is easy to see that cos 8, and cos 8, will have the same value. Thus, & +b +€ is equally inclined

tod, b and €. S |

Example — 18

Find the angle between the two diagonals of a cube.

»
»

Let us find the angle between
the diagonals OP and AB.
B P Note that the position vectors
of A, B and P are respectively
A
A= al
B=a f+ ak

0 A P= af+af+afi

where a is the side of the square

Fig - 38
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We now have,
@Eahaﬁaﬁ:‘@‘:ﬁa
AB=0B-OA
z—af+a]+aI2:>‘K§‘:\/§a
Let O denote the angle between OP and AB. Thus,

OP- AB

cos0=——
‘OP‘ ‘AB‘

_ (ai +aj +ak)-(-ai +aj +ak)

(\3a) (3a)

_—a’+a’+a’
3a’

This is the angle between any two diagonals of (any) cube.

Example — 19

Let AD, BE and CF be the medians in AABC . Prove that

BC-AD+CA-BE+AB-CF =0
Solutions:

A@)

B(b) D ()

Fig - 39
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Since D is the mid-point of BC, we have

{3

= AD = (Position vector of D)—(Position vector of A)
_b+c
2
= l(IE +C—24)
2
Thus,
BC-E:%(E—B)-(5+6—2§)
Lz 1P Ae & =
=5 c —‘b‘ +2d-(b -¢C) (1)
Similarly,
] ~
A-BE =—(|a[" ~[c[ +2b-(c-a)) -(2)
2
— —— 1 (1~ 2 L =
AB- FZE(M -|a +2c-(a—b)) .(3)
It is now immediately apparent that the right hand sides (1), (2) and (3) sum to zero. Thus, the stated
assertion is true. <
Example — 20

Prove that the altitudes in a triangle are concurrent.

Solution: Assume the three vertices of the triangle to be A, B and C.
_)
A(a)
E Draw the altitudes
AD and BE and
suppose they
H (0_)) intersect in H.
If we prove that
CH is perpendicular
to AB, our task will be
L accomplished.
— -
B(b) D C(c)
Fig- 40
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Assume H to be the origin 0 and A, B, C to have the position vectors 3, B, c.

Since AH 1 BC, we have

a-(b-c)=0
= ab=ac (1)
Similarly, since BH 1. AC,
b-(c-a)=0
= ab=b-c -(2)
From (1) and (2), we have
a-c=b-c
= (@a-b)-c=0
= CHLAB

Thus, the altitude through C passes through H, implying that the three altitudes are concurrent. <4

Example — 21

If a, b, c are the lengths of the sides of AABC opposite to the angles A, B and C respectively, prove using vector
methods that

a(l+cos A)+b(1+cosB)+c(l+cosC)=(a+b+c)(cos A+cosB+cosC)

Solutions:

A
Denote for vectors

N [ representing the sides

c of the triangle by
> S
a, b andc.

B Y C
Fig - 41
We have, by the triangle law,
d+b+c=0
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= a’ =abcosC +accosB (‘.‘é-ﬁz—abcosC]
a-c=-accosB
= a=bcosC+ccosB (1)
Similarly,
b=ccosA+acosC -.(2)
c=acosB+bcos A ..(3)

Adding (1), (2) and (3), we have

a+b+c=a(cosB+cosC)+b(cosC+cos A)+c(cos A+cosB)

Adding acos A+bcosB+ccosC on both sides, we have

a(l+cos A)+b(1+cosB)+c(l+cosC)=(a+b+c)(cos A+cosB+cosC) <

Example — 22

Find three-dimensional vectors V;, V, and V; satisfying the relations

4

<
<
Il

V-V, =2
=-5

)

V-V, =4 V-V, =6
v, -V, =2 v,-V, =29

|
Il

=
S

V

w

3

0

2

Solutions: A reference frame for the vectors has not been specified; therefore, it is up to us to choose a reference

frame and then use it consistently and evaluate the required vectors in that reference frame.

Assume V, to be along the x-direction, i.e.

v =2

1

Let ¥, =ai +bj+ck
v, = pi +0qj +rk
Now we step by step use all the given relations to determine the unknown constraints:

V=2 = 2a=-2

= a=-1 e
v, -V, =2 = a+b’+c’=2
= b+’ =1 -(2) (from (1))
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=  p=3 .(3)

V,-V; =-5 = ap+bg+cr=-5

= bg+cr=-2 ...(4) (using (1) and (3))
V-V, =29 = P’ +q>+r’=29
= q°+r>=20 ..(5) (using (3)) <«

Notice that (2), (4) and (5) are three equations in four unknowns. To get over this problem (it is not a problem
actually! There will be an infinite set of vectors satisfying the given constraints. We have to find any one of them),

when we chose V, to be along the X-axis, we could also have adjusted the co-ordinate frame, so that v, and V,
lie in the X—2z plane. This can always be done; since it is upto us to choose the frame of reference, we chose it so

that the X —z plane co-insides with the plane of V, and V.

How does this help? Now we’ll have one unknown less, since the y-component of V, is zero, i.e.,b=0.

Thus, (2), (4) and (5) reduce to
¢’=1, cr=0-2, Qq*+r’=20
= c=t1, r=F32, q=14

Thus, the three dimensional vectors that satisfy the given constraints can be

V=21 U, =—i+k V,=31+4]-2k
OR
V=21 U, =—i-k V, =31 £4]+2K

To emphasize once again, we were required to find vectors satisfying the given constraints. This meant that absolute
positions of the vectors were not important; what mattered was their relative sizes and orientation; and thus the
coordinate axes was our choice. We selected it in a way which made the calculations most convenient.
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TRY YOURSELF - 1l

Q.2

Q.3
Q.4

Q.5
Q.6

Q.8

Q.9

Determine the values of ¢ possible so that for all real X, the vectors cxi —6 j +3k and xi +2 j +2cxk

make an obtuse angle with each other.

Constant forces F = (21 —5]+6k)N and F, =(—i +2j—k)N act on a particle and the particle is
displaced from A =(4i —3j—2K)m to B =(6i + ] —3k)m.

Find the total work done by the forces.
Show that the diagonals of a rhombus bisect each other at right angles.

Using vectors, prove the trigonometric relation

cos(Ax B)=cos Acos B ¥sin Asin B
Prove that the perpendicular bisectors of the sides of a triangle are concurrent.

In AABC with sides a, b, ¢ opposite to angles A, B, C respectively, prove that

(i) a’ =b*+c*—2bc cos A

a’—b?
c

(i) acosB—bcos A=
Find the unit vector which makes equal angles with the vectors (I —2 ] + 2K), (—4i —3K) and j

The lengths of the sides a, b, ¢ of AABC (a, b, ¢ opposite to A, B, C respectively) satisfy the relation
a’ +b? = 5¢?. Prove that the medians drawn to the sides with lengths a and b, are perpendicular.

Find the possible values of a for which the vector 7 = (a® —4) i+ 2j —(a*-— 9)l€ makes acute angles

with the coordinate axes.

Q. 10 Prove using vector methods that the angle in a semi-circle is a right angle.
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