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Section - 4 CROSS PRODUCT

The dot product discussed in the previous section, was introduced through the requirement that arose in calculating
the work done by a given force E when the point of application of the force is displaced by a certain amount given
by S:

W=F-§
In this section, we’ll see that another form of vector product exists and is extremely useful to discuss many different

physical phenomena; this product is called the cross product. The cross product of & and b is another vector &
and the relation is represented as

¢=axb
Letus, through a physical example, understand what the cross product means.

Consider a horizontal magnetic field, which we can represent by B, and a charge  projected into this field with
avelocity V (atan angle 6 with the horizontal).

v

<l
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@y

Fig - 42
Experiments show that the force F acting on this particle

@ is perpendicular to the plane of v and B and goes into the plane for the figure above.

(b increases with increase in |\7| and ‘Ig‘

T
c is such that its magnitude increases as @ goes from 0 to — In fact, when v and g are parallel, the force
) B

= . . n
on the particle is zero. For fixed magnitudes of ¥ and B , the force is the maximum when 6 = 5

d) increases with increase in charge.

This suggests the dependence
|F|e< g v]|B|sin®
which has been confirmed experimentally. In fact, the relation is (exactly),

‘If‘zq|\7|‘§‘sin9
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The direction of F is found out to satisfy the right hand thumb rule. Holding out your thumb use your right hand

fingers to map out the rotation from V to B . The direction of g is given by the direction in which the thumb
points.

Now, since F is a vector with direction perpendicular to both V and B , we write the expression for E as

F=q(VxB)

where the vector Vx B, the cross product of V and B , is understood to be a vector such that its magnitude

is |\7| ‘ E‘ sin@. and its direction is given by the right hand thumb rule
In general, the cross product of & and b ,i.e. € =axb isa vector with magnitude |§| ‘5‘ sin 0 (9 being the angle

between & and b ) and direction perpendicular to the plane of & and b suchthat &, b and this direction form
aright handed system.

al

> o D
[c|=|a | |b]| sinb

=l

v

o)

Plane of E)and 5>

Fig - 43

It is important to keep in mind that the cross product is a vector; the dot product was a scalar. The cross product
is also referred to as the vector product.

The cross product of d and b, say ¢, has an interesting geometrical interpretation. Since |6 | = |§| ‘5‘ sin @,

cl

represents the area of the parallelogram with adjacent sides & and b:

Area of parallelogram = |g|5>| sin 6

H
=|c]

=

e
where c=a x b

ES Fig - 44
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In fact, the area of the parallelogram can itself be treated as a vector (as it is in physical phenomena):

A=axb
1 _
The area of the triangle formed with g and p as two sides is simply E‘A‘ ) ‘ X b‘ .

We now note some important properties of the cross product:

)] If aand b are parallel, their cross product is zero, i.e.
axb =0
since sin® = (. Conversely, if 8x b =0, then & and b mustbe parallel.
(i) The cross product is not commutative. In fact,

bxa=-axb
This is because the direction of @ xb was defined so that §, p and §xb forma right handed system

ax?
X
Fig - 45
(iif)  The cross product is distributive over vector addition:
ax(b+C)=daxb+axc

(iv)  ixi=jxj=kxk=0

These relations can be remembered as

—>

>

Fig - 46
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Going in the reverse direction, we have

A ~ a

ixi=-k, ixk=—], kxj=—1

Thus, for two vectors &= a,i +a, | + a312 and b = byl +b, ]+ b3I€ we have

axb = (aji+a,]+ak)x (i +b,j+bk)

= IF(azb3 —ab,)+ j(azb1 —aby)+ iz(‘311bz —ayb))

This can be written concisely in determinant notation as

[ T
axb=la, a, a,
by b, b

(v) The unit vector(s) ¢ normal to the plane of 3 and  can be written as

-
Il
I+
Q|
X
(=x]

jab
X
o

Example — 23

Prove that the area of a quadrilateral ABCD can be given by %‘A—C X ﬁj‘

Solution:

Fig - 47
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The vector area of the quadrilateral can be written as

A=area (AABC)+area (AACD)

= l (KE X Xé) + l (Xé X ij) {To add the areas their directions must be the same}
2 2

:%(KExKCﬁKéxKB)

=%(ﬁxﬁ—ﬁxA—C)

:%(Kﬁ—ﬁ)xﬁ:
] — —

=—DBxAC
2

Thus,
l— —
Azz‘ACxBD‘ <
Example — 24

Find the perpendicular distance of C(C) from the segment joining A(&) and B(b), interms of &, b,c.

Solution:

Let the perpendicular
distance be d.

*B(b)
Fig - 48

Now,
area (AABC)= %‘ﬁ X A—C‘

=%\(B—a)x(e—a)\

2%‘(§x5+5x6+6x§)‘
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1
Butarea (AABC) also equals 5% ABxd
1 L r Frix . nim
= ExABxd:E‘axb+bxc+cxa‘

, we have

Since AB equals ‘(é - 5)

_‘(éx5+5x6+6xé)‘

SR

Example — 25

LetA,i=1,2,3,4be the areas of the faces of a tetrahedron. Let fi;,i=1, 2, 3, 4 be the outward drawn normals

to the respective faces with magnitudes equal to the corresponding areas.

Prove that fi, +fi, +fi; +fi, =0

Solution: There is no loss of generality in assuming one vertex A to be the origin 0 . Let the other vertices

be B(b),C(C)and D(d) -

In the following, note carefully how the order of the cross-product is taken:
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We have
m:%@éxﬁﬁ
lf. = - =
=5{(c—b)x(d—b)}
1 . - -
=—{exd+bxc+dxb
2{C>< +DXC+0aX }
ﬁ2=%(ﬁxA—C)
1 - 1 =
= —(dx€)=-—(Exd
5 (@dxc)=——(Cxd)
m:%u@xmﬁ
1 - - 1 - =
=—(bxd)=-=(dxb
2(><) 2(><)
m:%(KéxKE)

| PSSR I
—E(be)— 2(b><c)

From these relations, it is clear that

iy + 1, +1i; + 1, =0 <
Example — 26
Let 3=2i+Kk, b=i+j+k and ¢ =4i —3]+7k.Findavector ¢ suchthat Fxb=¢xbandF-d=0
Solution: Fxb=¢cxb

=  (F-c)xb=0

= F —¢ isparallel to b
Thus,
F—c=p forsome 1 eR
= F=C+Ab (1)
Now, since
r-a=o0

3 8+7
2+0+1

=_5
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Using (1), we can now determine ¥ :

r=

oy

+A

Ol

-5b

ol

=4 =3]+7K) =50 + j+K)

=—{-8j+2k <

TRY YOURSELF - Il

Q.2

Q.3

Q.4

Q.5

IfA, B, C, D be any four points in space, prove that

AB xCD + BC x AD + CAx BD| = 4 x Area (AABC)

Let OA= 4, OB =104+ 2b and OC = b , where O is the origin. Let p denote the area of the quadrilateral
OABC and q denote the area of the parallelogram with OA and OC as adjacent sides. Prove that p=6q.

IfA,A, A, ..A arethe vertices of aregular plane polygon with n sides and O is its centre, prove that
n-1
) (OAi xOAi4) = (n—1) (OAI xOA2)

i=1
Letg=1+ j+l€ and b = j—IZ.Findavector F suchthat xfF=pand 3.Fr =3

b c

sinA sinB sinC

Prove the sine rule for a triangle ABC with sides a, b, C:
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