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Section - 5 SCALAR TRIPLE PRODUCTION

As the name suggests, a scalar triple product involves the (scalar) product of three vectors. How may such a
product be defined?

Consider three vectors &, b and €. Consider the quantity a- (5 -C). Since b-€ isascalar, you cannot define its

dot product with another vector. Thus, 3 - (b - €) is a meaningless quantity.

However, consider the expression § - (5 x ). Since [y x ¢ is a vector, its dot product with g is defined. Thus,
a- (b x ) is defined and is termed the scalar triple product of &, b and g. This product is represented concisely
as[d b c].

An alert reader might have noticed that another valid triple product is possible: 3 x (5 x €) - This is the vector
triple product and is considered in the next section.

Let us try to assign a geometrical interpretation to the scalar triple product (STP) [4 b ¢].

First of all, make &, b, ¢ co-initial. Assume for the moment that &, b, ¢ are non-coplanar. Complete the

parallelopiped with &, b, ¢ asadjacent edges:

E“

h represents the height
A T of the parallelopiped

v

Fig - 50

Consider b x €. This is a vector perpendicular to the plane containing b and €. We have represented it by OE .

Let the angle between & and OE be 6. Whatcan &- (5 X C) 1.e. 3-OE represent ? ‘ﬁ‘ represents the area

of the parallelogram OBDC.
Thus,

Mathematics / Vectors and 3-D Geometry




55

0

(ii)

(iii)

§~O?:|§| ‘ﬁ‘cose

= (|§| cos ) OE
= (Height of the parallelopiped h) x (Area of the base parallelogram)
= Volume of the parallelopiped.

The STP [a b C] therefore represents the volume
of the parallelopiped with &, b, C as adjacent edges

Note that the volume V of the parallelopiped could equally well have been specified as
V =b-(€xa)=[b ¢ 4]
=¢-(axb)=[cab]
Thus, we come to an important property of the STP:
[abc]=[bca]=[cab]
that is, if the vectors are cyclically permuted, the value of the STP remains the same. However, note that
[ bc]=4a-(bx¢E)
=-a-(Cxb)
=—{d € b]

Letus see some more significant properties of the STP:

The STP of three vectors is zero if any two of them are parallel. This implies as a corollary that [ & b]=0
(always)

Forany A eR,

[(A+b) € d]=[d € d]+[b € d]

This property is very important and is used extremely frequently. The justification is straight forward:

1=(@@+h)-(€xd)

Q.

[(@+b)¢c
=a-(Cx d )+ b- (Cx d ) {Dot product is distributive over vector addition}

=[a c d]+[b ¢ d]
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(iv)  Three vector are coplanar if and only if their STP is zero. This is because the volume of the parallelopiped
formed by the three vectors becomes zero if they are coplanar.

You are urged to rigorously prove the other way implication, i.e, prove that if [a b c]=0where 5 b ¢

are non-zero non-collinear vectors, then &, b, C mustbe coplanar.

o 2 ~

(R T ¢
[3 b cl=a-(bxC)=(ai+a,j+ak)-[o, b, b
G G G

= a,(byC; —bsC,) +a, (bye; —bycs) +a5(bic, —byc))

a a a
=/b b b
G C G

This relation is quite useful and is worth remembering.

Example — 27

For four points with position vectors g, 5, c, d prove thatif [a b C] + [& c 5] + [& a B] = [5 b 6] then the

four points must be coplanar.
Solution:  Upon expansion, this relation gives
d-(bxc)+d-(cxa)+d-(axb)=a-(bxc)

= d-{(5x6)+(6x§)+(a‘x5)}:é-(ﬁxé)

=

Q.

{(o-a)x(c-a)}=a-(oxc) ()
Note that the RHS of (1) can also be written as
a-(bxc)=a-{(b-a)x(c-a)}

You must verify why this can be done. Using this in (1), we have

(d-a){(b-a)x(c-a)}=0
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This implies that the vector (a - 3) is perpendicular to the cross product of the vectors (5 - 5) and
(€ —a), which in turn means that (a - 3) must lie in the plane of (5 - 3) and (C—a).
= (5—3),(6—5) and (&—a) are coplanar vectors

= a,b,¢,d arecoplanar points. <

Example — 28

Prove that, for any three vectors gD, ¢,

(@) | (a+6) (5+¢) (c+a)|=2[abc] (b)[(a-B) (b-¢) (c-a)]=0

Solution: (&) The left hand side is

=2 [é b c]
This relation incidentally proves that g + 5, b +¢ and ¢ + § are coplanar if and only if a, b and
¢ are coplanar.

(b) Since (5 - 5) + (5 -C ) +(C—a) =0, these three vectors are the sides of a triangle, implying that

they are coplanar vectors. Thus, their STP must be zero. <

Example — 29

For any three non-coplanar vectors 3,b,¢ and any other vector F, prove that the relation

1s satisfied.
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Solution: Assume F = xa + yb + z¢ where x,y,ze R (1)

This can be done since g, b, ¢ are non-coplanar vectors and hence any vector in space is expressible

as their linear combination. To find X, y, Z we do the following:

Take the dot product on both sides of (1) with (BX c ) :
0 0
)=xa- (BXC)+yb - B x)+z¢ %)

F-(bxc
= [Fbcl=xabc]
Ly lrbe
[@ b C]
Similarly, y and z can be determined. Now substituting the values of X, y and z in (1) proves the stated
assertion. <
Example — 30
Ifthe vector
d=ai+j+k ,azl

B
y=i+j+ck ,c=l
are coplanar, prove that
1 1 1
+ +
lI-a 1-b 1-c

f+bj+k ,bzl

=1

Solution: The coplanarity of the three vectors means that their STP must be zero:

a1l 1
= 1 b 1({=0
1 1 ¢
= a(bc-)+(1-c)+(1-b)=0
= a+b+c=abc+2 (1)
We now have
1 1 1

+ +
l-a 1-b 1-c
_(I=-b)d-c)+(1-a)l-c)+(I-a)l-b)
- (1-a)(1-b)(1—c)

_ 3-2(a+b+c)+(ab+bc+ac)

" 1-(a+b+c)+(ab+bc+ac)—abc

_ 3-2(a+b+c)+(ab+bc+ac)
I-(a+b+c)+(ab+bc+ac)+2—-(a+b+c)
=1

{Using (1) for the value of abc}
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Example — 31

Let &, b, € be three non-zero vectors such that ¢ is a unit vector perpendicular to both & and b . If the angle

I 4
between @ and b is s prove that

[d b r:]zzi|a|2 b|

Solution: Since € is perpendicular to both & and b, € must be parallelto & x b, i.e, the angle between € and

(axb) mustbe 0. Thus,

=%|a|\6\ (1)

Squaring both sides of (1) proves the stated assertion. S |

Example — 32

For three arbitrary vectors &, b, €, prove that

ida ab ac
[dbcP=b-da b-b b-c
¢-da ¢b ¢¢

Solution:  The relation is most easily proved by assuming &, b, ¢ in rectangular form:

C=ci+c,j+ck
There’s no loss of generality in this assumption.

Now,
o Ja a af
[ b C=|b b b,
Cl C2 C3
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a’+a +a; ab, +a,b, +a,b,
=|ba, +h,a, +ba, b’ +b; +b;
ca +ca,+ca, cb +c,b,+c,b,

i-da ab ac
=|b-da b-b b-¢
¢-da ¢-b ¢¢C

a,c, +a,Cc, +a,C,
b,c, +b,c, +Db,c,
¢l +C)+c]

TRY YOURSELF - IV

Q.1 Find the volume of the parallelopiped with sides given by (=3i +7]+5k), (=5i +7]-3k) and

(71=5]-3k)

Q.2 Findthevalue of ) for which the points
AGI —2]-K), B(2i +3]—4k), C(~i + ] +2k) and
D(4i +5 ] + AK) are coplanar.

Q.3 Forthree vectors 3, b, € prove that

ab,c
[+b+C d+b d+C]=—-[a b €]

Q|

Q.4 Ifthevectors ¢ = al + aj+ le, ﬁ =
mean of aand b.

Q.5 Leta b, ¢, I, m, A bearbitrary vectors. Prove that

al bl ¢
[ b c][l mAl=la-m b-m ¢-m
afn b-A A

Q.6 Let F=I(bx€)+m(€xa)+n(@xb).Prove that

F-(@+b+¢)=l+m+n

+Kkand F =cf + cj +bk are coplanar, prove that  is the geometric
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Section - 6 VECTOR TRIPLE PRODUCT

As has already been mentioned in the previous section, the vector product y of three vectors &, b, ¢ is

b

defined as
v =ax(bxc)
The most important property that the vector triple product satisfies is this:

V=ax(bxc)=(a-c)b—(a-b)c
I T m (-1 II- J-III ()

Let us see how this property comes about. Since y is perpendicular to (hx¢) (and 3 too), v must lie in the
plane containing py and ¢ (convince yourselfabout this). We may assume p and ¢ to be non-collinear (since if

they are collinear, (1) automatically holds because both sides will be zero). Thus, p and ¢ form a basis of the
plane in which they lie.
V=Ab+uc forsome A, pe R (2
Now, since ¢ is perpendicular to F too, we have
v-a=0
=  (Ab+uc)-a=0

=  AMa-b)+u@-c)=0

=  A=l@c), u=-l@a-h)
Using the values of } and i in(2), we have
v=I{@ -c)b—(a-b)} (3
The only task that now remains is to find out the value of I. This can be done by taking particular values of &, b
and € ((3) must hold for all arbitrary vectors &, b, ).

Let a=i,b=i+] and c=k
Thus,

This gives | = 1. Thus, we see that the relation in (1) holds.
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It should be obvious that the vector triple product is a non-associative operation. For example, ax (b x€) lies in
the plane of b and ¢ while (d% 5) XC =(-C)x(ax 5) lies in the plane of & and b.
In general, therefore,

ax(bxc)# (axb)xc

Example — 33

For three arbitrary vectors &, 6, ¢, prove that the vectors

F =ax(bxc)
r, =bx(cxa)
F, =Cx(axb)

are coplanar.

Solution:  Using the expansion rule for the vector triple product obtained in the proceeding discussion, we have

F=(a-c)b—(a-h)c
r,=(0b-ax-(b-ca
r,=(C-b)a—(c-ab
This gives
[+F+F=0
which implies that I}, T,, I; mustbe the sides of a triangle, and hence must be coplanar. |
Example — 34

For three arbitrary vectors &, b, ¢, prove that
[axb bxc cxd]=[a b cT
Solution: The left hand side, upon expansion gives,
(@xb)-{(bxc)x(cxa)}
=@xDb)-{ (B xT)T)— ((Bﬂ’);o-’?) a}
=(axb)-{[a b c]c}
={(@xb)-c}ra b ¢
=[d b cT
This also proves as a consequence that (dxb), (bx¢) and (Cx&) are coplanariff 3, b and &

are coplanar, a fact that can intuitively be expected. |
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Example — 35

Show that (dxb)x& =ax (b x¢) ifandonlyif & and € are collinear.

Solution: Letus first assume that

Since 7 is a scalar multiple of ¢, this proves that & and C are collinear.

To prove the reverse implication is left to the reader as an exercise.

Example — 36

For arbitrary vector &, b, €, d, prove the following relations.
0] (@axb)x(@xd)=[a b d]c—-[a b ¢]d
(ii) ax(bx(@xd))=(b-d)axc)—(b-c)@xd)

Ol

Solution: (i) This relation is simply obtained by expanding the left hand side:
(éﬁﬁ)x(gxg):(a’xﬁ)ﬂ)é—((éxﬁ)-é)a
=[d b djc-[a b ¢]d
(i) ax(x(€xd)) =ax(b-d)c~(b-c)d)
=(b-
(iii) (axb)-(cxd)=4a-(bx(Cxd))
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Example — 37

If &, b, C are vectors such that ‘5‘ = |€

{{(§+5)><(§+6)}x(6x5)}.(5+5) ~0

, prove that

Solution: The left hand side equals
{{axc+bxa+bxepx@x0)}- B +0)
={{(axc)x(ﬁxé)}+{(Bxa)x(6xé)}}-(B+é)
= {[gglfe]b_[ﬁ ¢ Be+B @ ch+ [tgzé/ Be1-B+2)

The last step uses the result of part (i) in the previous example. The expression now reduces to

(-[a € b]c+[b & €]b)-(b+¢)

=[a b €](€-b)-(C+b)
T B e
=[a b c](g| —‘b‘)
=0 (since [€| =‘5‘) <
Example — 38
Ifa, b, ¢ are non-coplanar unit vectors such that
b+c
ax(bxC)=—=
(bxC) 7
and b and € are non-collinear, find the angle 6, and 0, which g makes with b and € respectively.
_ - = . b+cC
Solution: ax(bxc)=(a-c)b—(a-b)C=—= (given)
V2
> fae-Llp-{ab+|e=0
2 V2
Since b, ¢ arenon-collinear vectors, we must have
1 - 1
d-C=—=and 8-b=—F+
2 2
= cosf, L and cosf L
N NG
T 3r
= 01 :Z and 92 :T 4
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Example — 39

If 6, c, d are non-coplanar vectors, then prove that the vector

F=(axb)x(Exd)+(@xE)x(dxb)+(a@xd)x(bx¢) mustbe parallel to &.

Solution: We first write the expression in a slightly modified way (the reason for this will become clear
subsequently):

F=—(€xd)x(@xb)+(@xc)x(d xb)—(bx¢)x(@axd)
Thus, we have written the first and third vector products in the original expression for ¢ inreverse.

Now, expanding each vector product using the using the result of Example - 36 Part - (i), we have

[
P=_¢ 0 B+ A 2B+ FB1d-12 & dB-[B ¢ T+B Z 210
L |

=—(c d b]+[b ¢ d]a

Ty

Qy

=2 ¢ d]a
=248 where Ae R and A #0 since b, ¢, d are non-coplanar

The reason for the manipulation done earlier should be apparent in step (1): the cancellation of the
terms indicated.

Since F can be written as a scalar multiple of &, ¢ must be parallel to &. S |
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TRY YOURSELF -V

Q.1

Q.2

Q.3

Q.4

Q.5

Let p, g, r be the vectors bx¢c , Cxdand a xb respectively. Show that 3, b and ¢ are parallel to

Gxr, rxp and pxq respectively.

Show that

[AxP bxq CxFl+[axq bxF Cxp]+[axF bxp €xq]=0
For the vectors &, b, €, d,provethat (bx¢)-(axd)+(Exa) (bxd)+(@xb)-Exd)=0

If &, b and ¢ are three non-parallel non-coplanar unit vectors such that gx (B xC)= %5 , prove that

_ n /4
the angles that & makes with b and € are 5 and 3 respectively.

If &, b, €, d are non-zero vectors such that (éxﬁ)x(ﬁxa)—(ﬁxﬁ)x(axé):[é C a]ﬁ,show

that &, b and ¢ must be coplanar.
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