Section - 7 MORE GEOMETRY WITH VECTORS

In the previous sections, we’ve already seen that vectors can be a powerful technique for geometrical problems,
especially three dimensional ones.

In this section, we’ll study the vectors approach to geometrical problems more deeply.

For a start, let us discuss some more geometry of tetrahedrons.

Example — 40

A regular tetrahedron is one in which all edges are equal. Prove that any two opposite edges in a regular tetrahedron
are perpendicular.

Solution:

_)
B (b)
Assume one vertex of the
tetrahedron to be the origin (7)
The other three vertices are
assumed to be as indicated.
- —>
0(0) D C(©)
%
A@)

Fig - 51

Since all the edges of this tetrahedron are equal, we have
8] =|p| =|c|=|a-b|=|p -c|=|c -2

We need to prove that any two opposite edges are perpendicular. Lets prove that OC is perpendicular
to AB. The other cases can be proved similarly.

Since

cl

\a—ﬂzﬁ—
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we have,

la-b[ =Ja—cf
= |a +p] —2a-b=[a] +cf ~2a-¢ D)
Since |§| = ‘5‘ = |6 , (1) reduces to
ab=ac
Similarly,
b-c=4a-c -(2)
(2) upon rearrangement gives
(a-b)-c=0
= BA-OC=0
=  BA isperpendicularto OC .
This completes our proof. <
Example — 41

Let d,b,c represent three co-initial edges of a tetrahedron. Prove that the volume V of the tetrahedron is given

WV=%BBE]

Solution: Let one vertex of the tetrahedron be the origin 0(6) while the other three vertices be A(@), B(B)

and C(C), as shown:

%
C(c)

N
A(a)
Fig - 52

1
We will use the geometrical fact that the volume of a tetrahedron equals 3 x (Area of base) x (height).
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Letus evaluate the height of the tetrahedron DC from C to the triangular face OAB.

Aunit vector fi, along DC, is given by

(SN

X

QD

A=

QD

X

(=N

The height CD can be obtained as the projection of OC onto the line along CD:

CD=0C-A

Thus, the volume V is

1
V= gx (area of AOAB)xCD

Example — 42

Find the angle between any two faces of a regular tetrahedral.

Solution: Referto Fig- 51 Example 40

The angle between any two faces will obviously equal the angle between the normals to the two faces.
Let us find the (acute) angle 6 between the normals to the faces OAC and OAB.
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ﬁ _Cxda _~ ¢Cxa
#¢ exadl |c||asinz/3
q _axb _ axb
7% |axb| [a]fp|sinz /3
o (cxa)-(axb)
= Noac " Noag = |§|2 ‘6‘2 sin2 /3
(c-a)(a-b)-(c-b)(a-a)
- |§|4sin27r/3
af lolle] af*[o]le
__ 4 2
|§|4sin27r/3
g
_ 47 -l
-4
Eis
4
= cos@zé

= 6 =cos™ (%)

1
Thus, the angle between any two faces equals cos™ (5 )

Example — 43

The position vectors of the vertices A, B and C of a tetrahedron ABCD are i + | + K, i and 31 respectively. The
altitude from the vertex D to the opposite face ABC meets the median line through A of the triangle ABC at E. If

22

AD is 4 units and the volume of the tetrahedron is ZY= cubic units, find all the possible position vectors of the

3
point E.
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Solution:

The volume V of the
tetrahedron is given by

\Y, :—; (area of AABC) (DE)

Fig - 53

Vv =%x(%‘ﬁxA—C‘}<(DE)

S 22 OB R(ai- jK)

}

|

:%x{‘—zjuﬁ

= DE=2

Since AADE isright - angled at E, we have
AE =/AD® - DE?
=23

It is given that E lies on the median AF. Since F is the mid-point of BC, the position vector of F is 2i.

Now, our problem has been reduced to this; we know the position vectors of A and F and we know

that AE = 2+/3. We need to find the position vector(s) of E.

Let us suppose E divides AF in the ratio A : 1. Then the position vector of E is
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A2 +1-(T+ j+K)
1+

1+24 £ 1 it 1 Q
1+ 1+/lJ 1+A4 -(1)

> [ iK)

E

Since AE = 24/3, we have

NEY)
+ 2 =23
A+1 \/_
A
A+1

= /1:—2,—%
3

Using these values of 2in (1), the possible position vectors of E are (3{ — j —k) and (—f +3 ] +3k).<q

VECTOR EQUATIONS OF ALINE
Consider a straight line passing through the point A(&@) and parallel to the vector

A

%
A(@)
Fig - 54
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Any point ¢ on this line can be written in terms of real parameter A.

R =
b

%
A (@)
r
_)
0O (o)
Fig- 55
F =OA+ AR
=3+ b where J e R
The equation
r=a+ib

can be viewed as the (vector) equation of this line. As we vary A, we get varying position vectors ¢ and hence
varying points on this line.

This form of the equation of a line is called the parametric form since it involves the use of a parameter A. We

could also have specified the equation in non-parametric form. Observe that since AR is parallel to b, we have

(
=

This is the required equation of the line. You must convince yourself that this equation is valid; in particular,
understand that only points lying on the line and none other will satisfy this equation.

~d)xb=0

=l
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We can use the equations obtained above to obtained the equation of a line passing through the points A(d) and

B(b).

%
B (b)
A —>
(@) %
_)
O (o)
Fig - 56
F=a+Ab-3a) Parametric form
OR
(F-a)x(b-a)=0
= Fx(b-a)=axb Non - parametric form
Example — 44

In AABC, D and E are points on BC and AC respectively such that BD =2DC and AE =3EC. Let P be the point
ofintersection of AD and BE. Find BP : PE using vector methods.

Solution:
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There’s no loss of generality in assuming A to be the origin (), and B and C to be the points b and €
respectively. By the section formula,

_b+2c __3¢

D ,E=—
3 4

The equation of AD can be written (in parametric form) as:

F:6+l(b220) ,AER

r:BM'(%C—B) A eR

= r=@—135+(3j)e

AD and BE intersect at P. Thus, the position vector of P must satisfy the equations of both AD and
BE. This means that we must have

AN\ (24 ne (32 )L
(;]b+(T)C=(1—/’t)b+( 4 )C forsome A,A"e R

= (&+/I’—1)5+(%—3’l )e:
3 3 4

Since p and ¢ are non-collinear, we must have

(=)

i+7L’—1:0
3

22 3N
3 4

This system upon solving yields

0

Thus, the position vector of P can be obtained by substituting the value of A(or A") in the equations
for AD (or BE):
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We now know the position vectors of B, P and E. We simply need to find BP : PE. Suppose this is

m:1. Then,
m 3: +1(b) ;
== (b+2¢)
m+1 11
= 33mC+44b=12(m+1)b+24(m+1)C
= (32-12m)b+(9m-24)c =0
8
= m=—
3
Thus,
BP:PE=8:3 <

The technique used in this example, in particular the evaluation of P as the intersection point of two lines (whose
lines are in vector form), is very important and useful and you must understand it properly before proceeding.

Let us see more examples of this sort.

Example — 45

Let d=1+ ] and b = 2 —k. Find the point of intersection of the lines x5 = xg and Fxb =axb.

Solution: Both the lines have been specified in non-parametric form, which we can easily convert to parametric
form.

+13 Wwhere 1e R

=i
X
Q|
Il
o
Qy
=
Il
o

X =

d+Ab Wwherel’ e R

=
X
(=x
I
Q|
(=
=
I

X =

If these two lines intersect, then we must have some values of A, 4/, say 4, and A, such that
b+Aa=a+Ab
=  (1-A)b+(4,-1)a=0

Since 3 and [y are non-collinear, we must have A4, = A, =1. The position vector of the point of

intersection P can now be evaluated by substituting A, or A, in the corresponding equation:

P=b+da=a+b
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Example — 46

The median AD of a triangle ABC is bisected at E and BE is produced to meet AC in F. Prove by vector methods

that EF =iBF.

Solution:
H
A(0)
F
B(b) D ()
Fig - 58
Assume A to be the origin and B, C to be the points b, ¢ respectively. We have,
p=P+C
2
4
= Equation of BE : F:5+){¥—5)
= r=|1- 3 b+ A c
4 4
Also, Equation of AC : Fr=AC

Since AC and BE intersect in F, there must be some 1,1’ e R such that

4
- =2 =l
373
= FEE
3
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IfE divides BF in the ratiok : 1, we have

k(g]ﬂ(ﬁ) Bsc

+
k+1 4

=  4kc+12b=3(k+1)b+3(k+1)C

= k=3

BE:EF =3:1 = EF:BF =1:4

Example — 47

Find the equation of the bisector(s) of the angle(s) between the straight lines f =5+ Ab and ¥ =& + UC.

Solution: Note that the lines pass through A(&) and are respectively parallelto b and € :

y

Ac?)/ =

Fig - 59

We need to find the vector(s) equally inclined to b and € to be able to write the equation (s) of the

angle bisector(s). For this purpose, consider the co-initial unit vectors b and ¢:
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Complete the parallologram
OBDC and OBD'C" as
indicated.
Since OB = OC = 1 unit

= «COD = «/DO0OB
Since OB = OC' = 1 unit

= «/C'OD'= «D'OB

Fig - 60

It should be clear from this figure that the two vectors equally inclined to b and ¢ are simply the

diagonals of'the two parallelograms drawn, i.¢., OD and OD'. Thus, the directions of the two angle
bisectors are given by the vectors (B +¢) and (B -06).

Since the angle bisectors we require both pass through &, we have their equations as

r=a+A(b+¢) and T =a+2(b—c) AeR
= r=a+A1 Eig , AeR <
o] el

Example — 48

Using vector methods, prove this result from plane geometry : in a triangle, the angle bisector of any angle divides
the opposite side in the ratio of the sides containing the angle.

Solution:  Assume a triangle ABC with position vectors of the vertices as indicated :

A0)

AD is the angle bisector
of angle A.

B(b) D c(©)
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Using the result of the previous example, the equation of AD can be written as

F:6+l(6+6) , AeR
= r=A71 £+g , AeR
jb|  [c]

Assume that D divides BC in the ratio 1 :1. We wish to determine . The position vector of D is

A__1
A_H
|6| - [+l ..(2)

Dividing (2) by (1), we have

Thus, D divides BC in the ratio AB : AC ; this proves the theorem.

Example — 49

Find the perpendicular distance of the point A(a) fromtheline F = p + A¢.
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Solution:

9
A A@)

19,
N
3
\

o
~
(=)
-

Fig - 62

AP =+ AB* - BP?
=,/AB?—(AB-C)’

=\/\a—6\2—(a—6)-

=JF—5

()]

z_(g_B)ﬁ
]

(@]

Area(AABP) = %x BPx AP

= %(a—B)x(rp—E)‘zé\rp—B\(AP)
= %(3—6) /16‘:%|/16|(AP)
= AP:‘(Q_E))XE‘
]
:‘(é—ﬁ)xé
We could have arrived at this last result even more easily:
AP = ABsin 60
:‘é—ﬁ‘sine
:‘(é—ﬁ)xé

_)
P(re) o

This is one way to specify AP. Another way could be as follows:

We need to find AP

- .
Let r, be the position
vector of P.

wF—b=Ac
forsomed e R
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Two straight lines in space are called skew lines if they are neither parallel nor intersecting. Find the shortest
distance between the two skew lines

=
I
Qy
+
>
oy

L :

Solution:  First of all, convince yourself that there will be only one line along which the distance between L and
L, is minimum. Such a line will be perpendicular toboth L and L.

L,

Two skew lines, at a
distance d. Visualise
this diagram in three
dimensions

-
Cc

Fiidhs
Fig - 63

It should be obvious that since AB is perpendicular to both L and L, i.e, since AB is perpendicular to

both [y and d, it must be collinear with the vector fy x ¢ . Thus, a unit vector fi along the direction AB

is given by

o
Q)

~ X
n=

o

b
The distance AB is now simply the projection of the line segment joining the points g and ¢ along the

(extended) line AB. Again, visualise this in your mind; you must be very clear why this is so. We thus
have,

Q.

d=AB=|(a-c)n

(a—c)-(bxd)
xd|

o

We can deduce a very useful corollary from this result. The two straight lines L, and L, intersect (in
other words, they are coplanar) if

d=0
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Note thatif L and L, are parallel, then the distance between them can be evaluated simply as the
perpendicular distance of g fromL, (or ¢ fromL,).

VECTOR EQUATIONS OF A PLANE
Consider an arbitrary plane. How do you think that the equation of this plane can be specified? We need

@ either a point on the plane and the orientation of the plane (the orientation of the plane can be specified by
the orientation of the normal of the plane).

(b or a point on the plane and two vectors coplanar with the plane.

Depending on whether we have the information as in (a) or as in (b), we have two different forms for the equation
of'the plane.

@ Let the plane be such that if passes through the point g and f is a vector perpendicular to the plane

A

n
—>.
n 1s a vector
perpendicular to
' 2 I the plane
_) -
0(0) Fig - 64

It is evident that for any point f lying on the plane, the vectors (F — a) and f are perpendicular. Thus,

(F-48)-i=0

~—

= r-n=a-n

This is the required equation of the plane. Convince yourself that all (and only) points lying on the plane will
satisfy this equation.
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(b Let the plane be such that it passes through the point g and is parallel to the vectors b and € (in other

words, is coplanar with vectors [y and €). It is assumed that b and g are non-collinear.

- -
N b and c lie in the plane
/ whose equation we wish
> to determine

%

c
0(0)

Fig - 65

Since b and € are non-collinear, any vector in the plane of b and € can be written as
Ab + uc, where A, ue R

Thus, any point lying in the plane can be written in the form

F=a+Ab+uc forsome A,ue R

This is the equation of the plane in parametric form. As we vary A and i, we get different points lying in
the plane.

To specify the equation of the plane in non-parametric form, note that for any point ¥ in the plane, (F — @)

lies in the plane of b and €. Thus, (F — &) is perpendicular to bx¢c:

(F—4)-(bxc)=0

= |[r b c]=[a b c]

Convince yourself that all (and only) points § lying on the plane will satisfy this relation.

Example — 51

Find the length of the perpendicular dropped from the point A(a@) onto the plane F-A=d.
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o A( ?)
n
| !
| Let M be the foot of
the perpendicular.
We need to find AM,
say I.
Mel
rAi=d

Fig - 66

Let O be the origin. The position vector of M can be written as
F, =OA+AM
=a-InA where | = AM
Since M lies on the plane, we must have
n, -n=d

=  (a-1n)-A=d

= a-n-l=d
= I=3a-i—d
Thus, the length AMis |- fi—d|.

We could have evaluated this result straightaway by inspection using a slightly more elaborate diagram.

In particular, let us include the origin O(0) in our diagram:

A(R)

/ L I
s M

/

=>

P

b
V_)

0(0)

Fig - 67
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OP, the perpendicular from O onto the plane, is of length d since the equation of the planeis f . i = d
The component of OA along the extended line AM, say OA,,,, willbe § .. Thus,

AM =|0A,,, —OP|

=|a-A-d|

Example — 52

(a) Find the angle between the line F = 4+ Ab and the plane F.A =d.

(b)  Find the angle between the planes r-A, =d, and F-A, =d..
Solution: (&)

The angle between the line
and the plane is given by

cos 0 = cos(%— 0") = sin0'

= sinO = cos0'

Fig - 68

0' is simply the angle between the vectors f and
Thus,

o
>

cos® =

o
>

The angle between the line and the plane is therefore given by
sin® =cos®’=b-nA

= 0 =sin"' (Bﬁ)
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(b) The angle 6 between the two planes will simply be the angle between their normals. Thus,

cosf =

Example — 53

Itis physically obvious that two planes will intersect in a straight line.

Prove that the equation of the plane passing through the line of intersection of the planes

R

h-m-d=0

w3
Il
=i
>
S}

i, —d, =0

can be writtenas P + AP, =0.

Solution:  First ofall, let us verify whether P, + AP, =0 is indeed a plane:
P+ARP,=(r-n—d)+A(r-n,—d,)=0
=  r-(fA+Af,)-(d,+Ad,)=0 (1)
This of the form
r-n-d=0
and hence represents a plane.

For this plane to pass through the intersection line of P, and P,, we must prove that every point lying

on the intersection line of P, and P, must satisfy the equation B, + AP, = 0. This is very straight

forward. Assume T to be any point lying on the intersection line P and P, :

= foﬁl—dl:O s foﬁz—dz:()
= Fo-ﬁl—d1+),(f(')-ﬁ2—d2)20

= r- (A, +An,)—(d, +Ad,)=0

This proves that [, satisfies (1). Thus, the stated assertion is correct. <
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Example — 54

Find the perpendicular distance of any corner of a cube of side a from a diagonal not passing through it.

Solution: Letus take the cube in the following configuration:

y
A

Bg- The position vectors

of A and B are ai and

a (jA+ Q) respectively.

0 - > X
A
z Fig - 69

Let us find the perpendicular distance d of O from AB. Using the result of Example 24, this equals
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Example — 55

Find the position vector of the point of intersection of the three planes
r-n=d, r-n=d,, r-n,=d,
where fi,f, and A, are non-coplanar vectors.

Solution: The condition that fi,fi,, i, are non-coplanar will ensure that the three planes are guaranteed to

intersect in in a point (think about this carefully). Let I}, be the point of intersection of the three planes.
We have,

We must find a way to express T, in terms of the known vectors/ quantities. For this purpose, let us
consider as the basis of our three dimensional space the vectors {(f, xfi,) (A, xf,) (fi,xf)}.

This can be done since if fi, 1, , M, are non-coplanar so are i, X,, fi, X, and A, Xf,. It will soon
become clear why this should be done.

We can now write [ as

3 X

R
Il
_}_)
—~~
el
X
le
~—
+
—~~

=1
3
X
=1
w
~—
+
—~
|
=

,) where 4,4,,A4, € R

d
= A ——
[nl n2 n3]
d d
Similarly, A, =———and A, =——2—
S T R Ty
Thus,
~ 1 L o o
[ =— {d, (A, xf,)+d, (7, x7i,)+d, (i, x7i, )} <
[A, A, A,]
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TRY YOURSELF - VI

Q.2

Q.3

Q.4

Q.5

Q.6

Q.8

Q.9

Q.10

Show that the external bisector of the angle A of a triangle ABC divides BC externally in the ratio
AB :AC.

Find the equation of the plane containing the two parallel lines ¥ = g+ Ab and F =@ + ub innon-
parametric form.
Find the equation of the plane passing through the points A(2I + | + 3kA), B(—1+2]+ 4I2) and

C2j+ 12). Find the position vector of the point D at which the line
F=(@—]+K)+A20 +k)
intersects the plane of triangle ABC.

Ina AOAB, E is the mid-point of OB and D is a point on AB suchthat AD :DB=2:1.1f OD
and AE intersect in P, prove that OP : OD=3:5.

Points D, E, F divide the sides BC, CA and AB of AABC respectively in the ratios 2 : 3, 1 : 2 and
3: 1. Prove using vector methods that AD, BE and CF are concurrent.

Prove from first principles (that is, without using any other results) that the angle bisectors in any
triangle are concurrent.

If one diagonal of a quadrilateral bisects the other, prove that it divides the quadrilateral into two
triangles of equal areas.

In atriangle ABC, E and F are the mid -points of AC and AB respectively. CP is drawn parallel to AB
to meet BE produced in P. Show that

area (AFEP) = area (AFCE) = iarea (AABC)

In a tetrahedron, the four lines joining the vertices of a tetrahedron to the centroids of the opposite
faces are concurrent. (We’ve already proved this earlier).

Prove that the point of concurrency divides each of the four lines in the ratio 3 : 1.
Lines L, and L, are drawn through P(5f +7 j —2k) and Q(=3i +3 j + 6k) parallel to (3f — j +k)
and (=3( + 2 ] + 4k) respectively. A line L parallel to (2 +7 j — 5k) intersects L, and L, in Aand B
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