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Section - 2

TANGENTS

In this section, we discuss tangents to parabolas and various properties that they will satisfy. As always, y* = 4ax

is the parabola used for illustration but the discussion can obviously be generalised.

TANGENT AT:
P(X,Y,)

TANGENT AT:
P(at?, 2at)

Suppose a point P(X, y,) is given on the parabola, and we need to find the equation of
the tangent at P. The slope of the tangent can easily be evaluated by differentiating the
equation of the parabola :

y® = 4ax

= 2yﬂ:4a

dx
., Oy_2a
dx vy
L W _2a
dX at P(x.,y;) yl

Thus, the equation of the tangent is

2a
Y=Y :_(X_Xl)

1
= yy, =2ax—2ax, +Yy;

= yy, = 2ax —2ax, +4ax; (oY =4dax,)

= |y, =2a(x+x) | (1)

This equation is sometimes written concisely as T (X, y,) =0 where the interpretation
of T is understood to be as in (1)

A lot many times, the point P is specified in its parametric form and we need to find the
equation of the tangent in terms of the parameter t. This can be done by replacing
(X,,y,) with (at?, 2at) in the equation of the tangent just obtained :

yy, =2a(X+X,)

= 2aty =2a(x+at?)

= ty = x+at”

This form of the tangent is very widely used and it is best for you to commit it to
memory.
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TANGENT OF Suppose that we are required to find the equation of the tangent with slope m.
SLOPE m: We did so in the last section when we found the intersection of the line Y = mX+C with
the parabola and obtained the condition for tangency to be
a
c=—
m

The equation of the tangent thus obtained was

a
y=mx+—
m

This line is a tangent to the parabola for all non-zero values of m.

The same equation can be obtained using a derivatives approach also. You are urged to
do so as an exercise.

Example — 16

Show that the tangents at the extremities of any focal chord of a parabola intersect at right angles at the directrix.

Solution:  Let the extremities of the focal chord be t and t, so that t,t =—1. The equations to the tangents at t,
and t, are
2

ty =x+at’
t,y=x+at;

The intersection point can easily be evaluated by solving these two equations to be
(att,,a(t, +t,)) = (—a,a(t, +t,)) since t;t, = —1. Since the X-coordinate of the point of intersection

. - . . 1
is—a, it lies on the directrix x 4+ a = (. Also, note that the slopes of the two tangents are m, = — and
1

1 1 . . . .
m, =— sothat mm, = e —1. Thus, the tangents intersect at right angles on the directrix.
2 172

The tangents at P and Q

intersect at right angles
> X on the directrix, i.e

Z PTQ=90°

Q(at;,2at,)

Fig - 25

Note that T will also be the point at which the circle drawn on PQ as diameter touches the directrix,
since ZPTQ is 90° which then becomes an angle in the semi circle. <
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POINT OF : There’s a particular relation we obtained while solving the last example which is important
INTERSECTION enough to be highlighted explicitly. If tangents are drawn to y* = 4ax at t andt), their
OF TANGENTSAT  pointofintersection will be

tandt, [att,.a(t, +t,) |

Example — 17

Prove that the orthocentre of any triangle formed by three tangents to a parabola lies on its directrix.

Solution:  Let the equation of the parabola be y* = 4ax so that its directrix is X + a= 0. We need to show that
the X-coordinate of the orthocentre is —a.

Assume any three points on the parabolaast , t, t.. The points of intersections of the three tangents
to the parabola on these three points will be

P(att,,a(t, +t,)), Q(at,t;,a(t, +t,)), R(att,,a(t; +t,))
Let us find the equation of the altitude through P on QR.

a(t, +t,)—a(t, +t,) _l
at,t, —at.t, t,

The slope of QR is

Therefore, the equation of the altitude through P is
y—a(t +t,) =-t,(x—att,)
= y+t,x=a(t, +t, +tt,t,) (1)
By symmetry we can write the altitude from Q onto PR as
y+tx=a(t, +t, +tt,t,) -(2)
By (1)—(2), we have
(t,—t)x=a(t, -t,)
= X=-a

Thus, the stated assertion is true. D |
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Example — 18

Let P be any point on the parabola with focus F. A perpendicular PM is dropped from P onto the directrix as
shown :

Fig - 26
Prove that the tangent at P to the parabola bisects the angle FPM.

Solution:  Let the equation of the parabolabe y* = 4ax, and let P be the pointt. Thus, F is the point (a, 0) while
N is (—a, 0). By definition, we have

PF = PM
But PMis PX + XM i.e., at? +a Thus PF =a +at’.

Now, the equation of the tangent at P is
ty = x+at”

This intersects the x-axis at the point Q(—at?, 0).

Thus,
FQ=FO+0Q
=a+at’
We see thatin APFQ,
FP=FQ
= ZFPQ = ZFQP (1)

But since PM is parallel to the x -axis, we also have
ZFQP = ZQPM -(2)

From (1) and (2), we obtain ZFPQ = ZQPM which means that the tangent at P bisects /FPM 4
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Example — 19

Refer to Fig - 26 of the previous example. Prove that angle PFS is a right angle.

Solution:  The equation of the tangent at P(at?, 2at) is

ty = x+at’
a(t’ -1
This intersects the directrix at a point given by | ~& "
The slope of PF is
_2at 2t
Toatt-a P -1
The slope of SF is
a(t’ -1
t a(t’ -1)
m = =
¥ 2a ~2t

Since My XMy =—1, angle PFSis aright angle.

Example — 20

Refer to Fig - 26 of Example 18 again. Show that angle FRP is a right angle.

Solution:  Once again, we use the equation of the tangent at P(at”, 2at):

ty = x+at’

This intersects the y-axis at the point R(0, at). The slope of PR is simply the slope of the tangent at P,

) 1
1.€. mpR = E

The slope of RF is

Since mg, XM, =—1, angle FRP is aright angle.
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The result of the last three examples are important, so we summarize them here :

* (A) The tangent at any point on a parabola bisects the angle between the focal chord through that
point and the perpendicular on the directrix from that point (Example-18).

* (B) The portion of the tangent to a parabola cut-off between the directrix and the curve subtends a
right angle at the focus (Example -19).

(C) The perpendicular dropped from the focus onto any tangent to a parabola is concurrent with that
tangent and the tangent at the vertex (Example -20)

Along with these, we include a fourth important result here.

(D) The tangents at the extremities of any focal chord of a parabola intersect at right angles on the
directrix. (Example -16)

Example — 21

Three tangents to a parabola form the triangle PQR. Prove that the circumcircle of PQR passes through the focus
of'the parabola.

Solution:  We assume the parabola to be y* =4ax and three points onittobe A(at’,2at,), B(at;,2at,) and

C(at},2at,). Tangents at A, C and B meet at P, Q and R as shown :

A(at; 2at,)

2 We need to show that the
B(at, 2at,) circumcircle of PQR passes
through the focus F, or
equivalently, the point X is
the same as F.

C(at; ,2at,)

Fig - 27
The co-ordinates of the points P, Q and R are respectively (att,,a(t, +t,)), (at,t;,a(t, +t;) and
(ath,a(t +1,)) -

To show that the circumcircle passes through F, it would suffice to prove that the chord PQ subtends
the same angle on F as it does on R. Since a chord of a circle subtends equal angles anywhere on the
circumference, this will prove that F also lies on the circumference of the circle.
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To evaluate Z/PRQ, we need the slopes of PR and RQ which are simply the slopes of the tangents at
Aand B respectively, i.e.

m —landm —l
PR t] RQ t2

m.,, —m
tan(Z/PRQ) = ——F&
1+ mgemg,

t,—t,

2

REETS (1)

Now, to evaluate the angle that the chord PQ subtends at F, we need to slopes m,. and Mg :

a(t, +t a(t, +t
PF: (1 3) andeF: (2 3)
att, —a att,—a
t+t
= Mpe =—— and my = Lrh
tt, -1 tt,—1
Thus,
M, —M
tan(£PFQ) = — £
1+ myemye

() =D = (8 ) 1)
(=Dt =)+ (¢ + ), +E)

— tz_tl 2
1+t -(2)

Comparing (1) and (2) gives ZPRQ = ZPFQ which confirms that F does indeed lie on the

circumference of APQR’s circumcircle.

We could alternatively have done this question by explicitly evaluating the equation of the circle passing
through P, Q and R and showing the F satisfies that equation. S |
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Example — 22

Find the equation of the common tangent(s) to
(@) y?=4ax and (x+a)’+y>=a>
(b) y*=4x and x* =4y
Solution: (a) The equation of any tangent to y* = 4ax can be written as

ty = x+at”

If'this is to touch the circle too, the distance of the circle’s centre, i.¢. (&, 0) from this line must be
equal to its radius a. Thus,

‘—a+at2‘

(1-t*)° = (1+1?)
= 1+tt-2t =1+t
= t*(t*=3)=0
= t=+/3 (t=01s not a feasible solution for this case)

Thus, the required common tangents are
+/3y=x+3a <
(b) Any tangentto y* =4x can be assumed to be of the form
ty =x+t* (since a=1 for this case )

Ifthis line is to be tangent to x* = 4y too, its intersection with this curve must yield only one point.

Thus,
2
t(x—}=x+t2
4

must yield only one root, i.e. its D must equal O.
This gives
16+16t° =0

= t=-1
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The required common tangent is thus

X+y+1=0
y
r'
x'=4y
A The common tangent
> X to the two parabolas,
N X+y+1=0
B
y'=4x
Fig - 28 <

Example — 23

Find the angle(s) at which the curves y* = 4x and x* = 4y intersect.

Solution: Recall how we defined the angle of intersection

of two curves in the unit on Circles : the angles

between their respective tangents at the point of intersection. It is evident by simple substitution that

the two parabolas given intersect at (0, 0) and (4,

r' N

N

4).

(0,0)

Fig - 29

The tangents to the two parabolas at the origin can be seen to be perpendicular by inspection. The

two curves therefore intersect at 90° at the origin.

At (4, 4), the tangent to y* = 4x has the slope
_dy 2
dx

m,
(4.4) y (4,4)

and the tangent to x> = 4y has the slope
_dy
dx
Thus, the angle of intersection at (4, 4) is given by

X

m,

(4.4) 2 (4.4)

= 0=tan"'(3/4)

N | —

=2
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Example — 24

Tangents PQ and PR are drawn to y* = 4ax from an external point P. Another tangent is drawn at a point S on
the parabola. Perpendiculars from P, Q and R are dropped onto this tangent, and their lengths are p,, p, and p,.
Prove that p} = p,p;.

Solution:  The following diagram makes the situation clear.

y

4

The tangent drawn at S is the
line T. Perpendiculars from

P, Q and R onto T are of
length p,, p, and p, respectively.
We need to prove that

p2=p,p,

Fig - 30

We assume the points Q and R to be (at’,2at,) and (at;,2at,) sothatPis (att,,a(t, +t,)).
Let S be the pointt, so that the tangent at S is

ty = x+at’
We now evaluate the three perpendiculars p,, p, and p,.

|att, —att, +t)+at’| a|t-t)t-t,)|

p
1 1+t Ji+t
at’ —2att, + atz‘ at—t,)’
p2 = =
J1+t2 J1+t2

at; —2att, + atz‘ a(t—t,)’
p = =
’ 1+t V1+t?

Itis now evident that p} = p, p,. <
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Example — 25

Referring to the figure of Example 24 above, prove that

PU PV
—t—=1
PQ PR
Solution: Note that

APUF, ~ AQUF,
PR, _QF

PU QU

PR, _PU_p
QF, QU p,
PU_ p
PQ p+p,

Similarly, APVF, ~ ARVF, so that

PV__n
PR p+p,
Thus,
PU PV  p P,

—t+—= +
PQ PR p+p, p+p

(- PR,=p, QF] =p,)

_ pCp+p,+py)
Py + PP, + PPy + PP

_2p,p,+pptpp,  fUsingp = p,p; from
2p,P5+ PP, + P Ps the last example

=1 »
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TRY YOURSELF - Il

Q.1

Q.2

Q.3

Q.4

Q.5

A, B and C are three points on the parabola y* = 4ax whose y-coordinates are in GP. Prove that the

tangents at A and C will meet at a point whose y-coordinates is the same as that of point B.

A chord of the parabola y* = 4ax subtends a right angle at the vertex. What is the locus of the point
of intersection of tangents at its extremities ?

From an arbitrary point P on the directrix, a tangent PQ is drawn to the parabola y* = 4ax . Find the
locus of the mid-point of PQ.

Prove that the mid-point of the intercept made on a tangent to a parabola by the tangents at two fixed
points A and B lies on the tangent which is parallel to AB.

Iftwo tangents to a parabola intercept a constant length on any fixed tangent, prove that the locus of
their point to intersection is another parabola with its LR being of the same length as the original
parabola.
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